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Bounds for Convex Functions of Cebysev Functional
Via Sonin’s Identity with Applications

Silvestru Sever Dragomir

Abstract. Some new bounds for the Cebysev functional in terms of the

Lebesgue norms
1 b
- — t)dt
=52 [ 1

[a,b],p

and the A-seminorms

112 = (/ /ablf(t) *f(S)l”dtds)p

are established. Applications for mid-point and trapezoid inequalities are
provided as well.

1 Introduction

For two Lebesgue integrable functions f,g: [a,b] — R, consider the Cebysev func-
tional

1 b 1 b b
Clr) == [ 10a0at- g [ 0 [ g)ar
In 1935, Griiss [7] showed that

(M —m)(N =n), (1)

B~ =

IC(f,9)] <
provided that there exists the real numbers m, M, n, N such that

m< ft) <M and n<g(t) <N forae.t€]la,b. (2)

2010 MSC: 26D15, 25D10
Key words: Absolutely continuous functions, Convex functions, Integral inequalities, Cebysev
functional, Jensen’s inequality, Lebesgue norms, Mid-point inequalities, Trapezoid inequalities
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The constant % is best possible in (1) in the sense that it cannot be replaced by a
smaller quantity.

Another, however less known result, even though it was obtained by Cebysev
in 1882 [5], states that

CU9)] < 758 o' loe (6 — ) 3)
provided that f’, " exist and are continuous on [a, ] and || f'[|cc = supsefqp) [f/(¢)]-
The constant % cannot be improved in the general case.

Cebysev inequality (3) also holds if £, g: [a,b] — R are assumed to be absolutely
continuous and f’,¢" € Loo[a, b] while || f'[|oc = esssup;eq ) |f/(2)]-

A mixture between Griiss’ result (1) and CebySev’s one (3) is the following
inequality obtained by Ostrowski in 1970 [12]:

(b—a)(M =m)|g[l, (4)

ool —

1C(f,9)] <

provided that f is Lebesgue integrable and satisfies (2) while g is absolutely con-
tinuous and ¢’ € Lo [a, b]. The constant £ is best possible in (4).

The case of euclidean norms of the derivative was considered by A. Lupas in [9]
in which he proved that

O < 171l 0~ ), (5)

provided that f, g are absolutely continuous and f’, g’ € La[a,b]. The constant =
is the best possible.
Recently, Cerone and Dragomir [2] have proved the following results:

’ dt) %, (6)

b
10 - 5= [ s

1 b
< inf [lg—llg - ——
Ct.ol < nt o=l = ( [

Wherep>1and%+$:10rpzlandq:oo7and

ft) -

€ess sup
b—a tela,b]

1 b
[ )
provided that f € L,la,b] and g € Lg4a,b] (p > 1, % +

p=o00,q=1).
Notice that for ¢ = oo, p =1 in (6) we obtain

< inf ||g — .
C(F0)| < inf llg =

%zl;pzl,q:ooor

b b
CUI < it o=l 2 [ 10— 5= [ #Gs)as)at

b

1 b
< gl - Y a

b
f0 - 5 [ Feas|ar
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and if g satisfies (2), then

b b
16 - 5 [ 1e)ds|de
b
t)—ﬁ/a F(s)ds| dt
1 1

b
< SN =) %a/ F(s)ds|dt (7)

-2

The inequality between the first and the last term in (7) has been obtained by Cheng
and Sun in [6]. However, the sharpness of the constant 1, a generalization for the
abstract Lebesgue integral and the discrete version of it have been obtained in [3].

For other recent results on the Griiss inequality, see [8], [10] and [13] and the
references therein.

In this paper, some new bounds for the CebySev functional in terms of the
Lebesgue norms H f- ﬁ f; f@) dtH[a bp and the A-seminorms are established.
Applications for mid-point and trapezoid’ inequalities are provided as well.

1
< inf - oo "3
IC(f,9)| < inf lg =Moo 57— ’

n—l—N
g—

b—a

2 Some Results Via Sonin’s Identity
The following result for convex functions of Cebysev functional holds.

Theorem 1. Let f,g: [a,b] — R be Lebesgue integrable functions on [a,b]. If
®: R — R is convex on R then we have the inequality

@[C(f,gngbla;nf | (ste _i/f ) o)~ )
b_a ;2&// (t))(g(x)—k)}dtda:. (8)

Proof. Start with Sonin’s identity [11, p. 246]

=it [0 [ roa)ew - xa

that holds for any A € R.
If we use Jensen’s integral inequality we have for any A € R

o[C(f,9)] =@ {b i - /ab (f(x) - ﬁ /ab f(t) dt) (9(z) — N\ dx}

bia/ab@{(f(x)—b_la/abf(t)dt>(g(a;)—)\)] dz

- bia/bé[ 1 /b[(f(ff)—f(t))(g(x)—/\)} dt} dz
/ / ~ 1(1) (g(x) — N dtda.

Taking the inﬁmum over A € R we deduce the desired inequalities (8). O

<
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Remark 1. If we write inequality (8) for the convex function ®(z) = |z|?, p > 1,

then we get the inequality
1 b 1 b P » 1/p
< i S —— _
Cth.9) = oy ut] [ 7@ = 52 [ sl o) - apac} T

< ﬁ ;gng{ / b / b!f(w) — FO] |g(w) = A dt dm}l/p-

Utilising Holder’s integral inequality we have

a) for f € Looa,b], g € L,a,b]

b b P
[ @ =57 [ s lo@) - AP o
< ssaup) —a/ @] [ oty
- dt A ,
‘f / O] oA,
b) for f € Lps[a,b], g € Lyala,b, a > 1, L+ 5 =1
b b P
[ @ =57 [ s lo) - AP o
b 1 b B 1/B b N 1/
<(/ f(x)——/ rae] ar) ([ ot - ac)
- o] e-a,..
H / [0, r
c) for f € Lyla,b], g € L|a, b
b 1 b p
[l == [ rod] lo@ - AP @

b
<esssup’g )\’p/ flx dx
a

xz€[a,b)

1 b p
- — t)dt
=522 | 10
b p
- — t)dt
e R
Utilising (9) we can state the following result.

g = Al .00
[a,b],p

Theorem 2. Let f,g: [a,b] = R be Lebesgue measurable functions on [a,b]. Then

a) for f € Lyo[a,b], g € Ly[a,b]
1 b
—fl/a f(t)dt

C(f,9)] <

b

la,b],00

1
W /\nf llg — )‘”[a bl,p
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b) for f € Lysla,b], g € Lpaa,b], a>1, 1 + 5 =1

1 Lo
<——— inf T b_a
‘C(f’ g)| S ( )l/p /\6 ||g )\”[a b],pax b—a /a f(t) dt alns )
c) for f € Lyla,b], g € Loo[a, b]
C(f9) < ——— inf g — A| poa ) SO
.f?g — ( )1/[)>\ R 9= [a.b],00 f f la,b],p

We have the following particular cases of interest.

Corollary 1. Let f,g: [a,b] = R be Lebesgue measurable functions on [a,b]. Then

f——/f £t

a) for f € Lyo[a,b], g € Ly[a,b]

1 b
— t)dt
g b_a/ag()

b) for f € Lysla,b], g € Lpaa,b], a>1, 1 + 5 =1

1
(b—a)i7p

1C(f,9) <

[a,

la,b],

1 I
9)| < - t)dt —— t)dt ’
| (f )‘ ( a)l/p 9 b*a/a g() H[a, f / f [a,b],pB
c) for f € Lyla,b], g € Loo[a, b]
1 I L
CU9)I < G |9-5=5 [ 9O [a’b]me—b_a [ rwal

If one function is bounded, then we can state the following result.

Corollary 2. Assume that f,g: [a,b] — R are Lebesgue measurable functions on
[a,b]. If there exist constants n, N such that n < g(t) < N for a.e. t € [a,b], then

1 b
f—m/a f(t)dt

a) for f € Ly[a, b

IC(f.9)l < 5(N—n)

)

[a,b],00
b) for f € Lygla,b], a > 1, & + 5 =1

C(f.g)| < SN —n) L

)

[a,b],pB

1 b
roit [ rwa
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c) for f € Lyla, b

ia/abf(t)dt

[a,b],p

p 1/p
dt)

-
([ o) -2
<

N [P 1/pa
on + dt)

2

and

n+ N
g D

la,b],00

Utilising Theorem 2 we deduce the desired result of Corollary 2. O

When one function is of bounded variation, then we can state the following
result.

Corollary 3. If f: [a,b] — R is Lebesgue integrable and g: [a,b] — R is of bounded
variation, then

a) for f € L[a,b]

)

|c<f,g>|s§\:/< =55 [ o

[a;b],00

b) for f € Lygla,b], > 1, L +

1 1 1t
IC(f,9)] < 5\!(9)m ‘f— m/ﬂ f@)de [a,b],pﬂ’
c) for f € Ly,a,b]
1\’ 1
0.9 = 5 V6 gy | i [ rwa "

b
where \/(g) is the total variation of the function g on the interval [a,b].
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Proof. Since g: [a,b] — R is of bounded variation, then for any ¢ € [a, ] we have

g(a) +g()| _|g(t) —g(a) +g(t) — g(b)
g(t) — 5 = 5
1 1"
< 5 |l9®) = 9@+ |9v) - 98)|| < 5 V().
Then
b ) |P 1/p
Hg_ g(a) +g(b) (/ ot 9( ) dt)
2 [a,b],p
b 1/p 1 b 1
<(A( a )M) =5 Vo oo
b
g(a) + g(b) 1 )V
_ < = pa
Hg 2 <3V
[a,b], a
and
b
g(a) +g(b) 1
_ < Z
Hg 5 <5V
[avb]voo a
Utilising Theorem 2 we deduce the desired result of Corollary 3. O

For functions h that are Lipschitzian in the middle point with the constant
L agb and the exponent ¢ > 0, i.e. satisfying the condition

o-o(e5) s

for any ¢ € [a,b], we have the following result as well.

a+bl?
2

t—

Corollary 4. If f: [a,b] — R is Lebesgue integrable and g: [a,b] — R is Lipschitzian
in the middle point with the constant L.+» and the exponent q > 0, then
2

a) for f € Ly[a,b]

(b—a)? 1 b
CUf.9)] < Lug — [ e o)
T 2l(gp+ 1)t b, a.],00
b) for f € Lysla,b], a > 1, é—k%:l
(b—a)1=1/p8 1 b
1C(f,9)| < Lags S f(t)dt ;o (11)
= 92%(gpa+1)!/? b=ala [a,b],p8
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c) for f € Lyla, b

bh—q)?—1/p
9] < Lo O

1 b
f—b_a/a f(t)de

[a,b],p

Proof. We have

B a+b
g—4g B

a+b p 1/17
g(t)—g( 5 ) dt)
qp 1/p

dt)

qp 1/p
dt) .

[a,b],p

_a+b

a+b

t—

Observe that

qp 1/p
dt)
ath qp b qp 1/p
([ () e (-1 )
a 2 a-g%—b 2
b 1/p
( )
2

~~

b qap 1/p + _ atb)aptl
[ (Y a) - ()
atb 2 gp+1

_ (2(1’2“)‘””1)”” _ ((b—a)q“l)”” (b
2% (qp + 1) 2q(qp+1)1/17

Then by (13) we have

_ g)atl/p
J—g a+b <Lus (b—a) .
2 2 q 1/p
[a,b].p 2%(gp+ 1)
Also
b h— q)4t1/pe
Hgg(a+ > < Luy oW
2 Jabpa 7 2%(gpa+1)77
and
a+b> (b—a)?
qg— g( < Lagy ———.
H 2 la,b],00 2 21

(12)
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Utilising Theorem 2 we obtain

a) for f € Loo[a,b]

1 a+b 1 b
Cth.9) < o o - 9( 57 - e
(b - a)l/p 2 [a,b],p b-—a a la,b],00
1 b—a)itl/p 10
> (b— )1/]3 “T‘H’ (q ) 1/p h— / f(t)dt
a 2%(qp+1) aJa [a,b],00
(b—a)t 1t
= L"‘T“ q 1/17 f - b —a f(t) dt i
2%(gp+1) a [a,b],00
b) for f € Lygla,b], a>1, s +5 =1
IC(fg)|<1g—g(a+b> f—i/f t)dt
7 N (b - a)l/p 2 [a,b],pax [a,b],pB
1 (b — a)atl/re /
< atb f—— ] ft)dt
(b= a)t/r 2 9 (gpa + 1) /7 b-ala [a.b].p5
b—q)e1/rB 1 b
=Lep tg : Upa |1 — / J(dt ’
2%(qpa + 1) @Ja [a,b],p5
c) and for f € L,[a,b]
1 a+b
oo < gislo-o(“S0)| o5t [ rwa
(b—a)t/p 2 [a,b],00 [a,b],p
1 (b—a) 1 /
< Loty f()dt
(b—a)t/p 2 b—a/, (a.bl.p
b—a)il/p 1 b
Ly 221 _a/ (1) dt
a [a,b],p
Thus the inequalities (10)—(12) are proved. O

Remark 2. If the function g is Lipschitzian with the constant L > 0, then
a) for f € Loa, b

—a
Ol 0l < L t)dt , 14
IC(f,9)] < 20p +1)1/p / 7o) [a,b],00 o
b) fOI‘fELpB[avb]7 a>1, é—’—%:l
(b— a)lfl/pﬂ 1 /b
Ot < L t)dt , 15
| (f g)\ > 2(p06+ 1)1/pa aJ, f( ) (5] p8 ( )
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c) for f € Lyla,b]

(b—a)t—1/p

2

IC(f,9)| <L

1 b
-5 [ roa

3 A-Seminorms and Related Inequalities
For f € Lyla,b], p € [1,00), we can define the functional (see [1] and [4])

112 = (/ /ablf(t) - f(s)lpdtdsf

and for f € Lo[a,b], we can define

1% == esssup |f(t) — f(s)].

(t,s)€la,b]?

[a,b],p

If we consider fa: [a,b]? — R,
fa(t,s) = f(t) — f(s),

then obviously
15 = Ifally, p € (100,

where ||-||,, are the usual Lebesgue p-norms on [a, b]*.
Using the properties of the Lebesgue p-norms, we may deduce the following
seminorm properties for ||| ﬁ:

(i) IIfI5 > 0 for f € Lya,b] and | f||3* = 0 implies that f = ¢ (c is a constant)
a.e. in [a, b],

@) If +glly < IFI7 + llgllp if £,9 € Lyla, ],
(i) [lf 15 = lof /13-

We call [|-[|3* as A-seminorms.
We note that if p = 2, then

115 = (/b /ab(f(t) f(s)fdtds)é
—va( (-l - (Lbf(t)dt>2>2-

Using the inequalities (1), (3) and (5), we obtain the following estimate for ||-||2:

a) form< f<M

118 < 01~ m)(p—a).
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b) for f' € Lyla,b]
2
1918 < 2215 o~ 0

c) for f' € Lya,b]

2 3
115 < 211t - of

since

IFI8 = V2(b — a)[C (£, f)]*.

117

If f: [a,b] — R is absolutely continuous on [a, b], then we can point out the following

bounds for || f||5* in terms of || /||
Theorem 3. Assume that f: [a,b] — R is absolutely continuous on [a, b].
(i) If p € [1,00), then we have the inequality
a) for f' € Lyla, b

L i
LGl R
[(p+1D)(p+2)]”

A
171l <

b) fOI'fIGLog[avaa>1’é+%:1

2

(2627 (b—a)?

1 e
[(p+B)(p+28)]

111

IN

S| Sl

c) for f' € Li[a,b]
£ < (b —a)? || f]s-

(ii) If p = oo, then we have the inequality

a) for f’' € Lyla, b
IF1% < (b= a)llf'lle,

11
b) for f € Lala,b], a>1, s+ 5 =1
1
1715 < &= a)7[1flla

c) for f' € Li[a,b]
LA < 10

The following result of Griiss type holds, see [4].
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Theorem 4. Let f,g: [a,b] — R be measurable on [a,b]. Then we have the in-
equality

1
CU.0)| < g 116l

where p =1, g =00, or p > 1, % + % =1, or ¢ =1, p = oo, provided all integrals
involved exist.

The inequality is sharp in the sense that if we take f(z) = g(z) = sgn(x — «)
with o = ‘ITH’, then the equality results.

Making use of the double integral inequality

(C=EL AER{/ / |f(2) = f)||g9(x) —)\’Pdtdm}l/p7

obtained in (9) we can state the following result as well.

C(f:9)l <

Theorem 5. Let f,g: [a,b] — R be Lebesgue measurable functions on [a,b]. Then

a) for f € Ly[a,b], g € Ly[a,b]

1
IC(f,9)| < b infllg = Mlga.o1.0 /115 (17)
b) for f € Lygla,b], g € Lyala,b] > 1, L + % =1
1
IC(f,9)] < (b—a)lWAeR (18)
c) for f € Lyla,b], g € Lo[a, b]
1 A
C(f,9)l < b inf lg = Allja,e1,00ll FIl5 (19)

Proof. Utilising Holder’s inequality for double integrals, we have

a) for f € Looa,b], g € L,la,b]

b b
/ / 1£(2) — O |g(x) — AP dtde < esssup | f(x) — F(1)]"

(z,t)E€la,b]?

x/ / ’g(x)—)\’pdtdx
= (IF1%)" (0 = a)llg = Allf, 41, -
Then

CUr < G=a(112) b= @llg =My,
— 2 (U12) g = Al
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b) For f € Lygla,b], g € Lpala,b], a > 1, é‘F % =1, we have

/“b/ab}f(x)_f(t)|p|g( — AP dtdx<<//|f dtd$)1/ﬂ
: (/a /a ’9(96)—)\|Padtdx>1/a

= (I/155)" (b —a)

ab,pa'

Then

IC(f, 9l < (b_a>2(|\f||p/3)( = a)" N9 = AlIf, 41 e

1
= o —ayrrizs (1) 19 = My o

c) For f € L,la,b], g € Lo[a, b] we have

b b
//‘f(:v)—f(t)|p|g(x)—)\|pdtdx§esssup|g(m)—)\’p

z€la,b]
b b
x/ / |f(x) — f()|" dtdz
A\P
= llg — M2, 4o (IF12)"
Then

1 P
IC(f,9)I" < m”g - )‘HI[)a,b],oo(”fHﬁ) :

Taking the power ]% and then the infimum over A € R, we get the desired results.
O

Some particular cases of interest are as follows.

Corollary 5. Let f,g: [a,b] = R be Lebesgue measurable functions on [a,b]. Then

a) for f € Loola,b], g € Ly[a,b]

1 1 b
C(f.9) < g- /’mwa 1714
(b—a)t/p b—a J, (a,b].p
b) for f € Lygla,b], g € Lyala,b], a > 1, = +%—1
1 1P A
IC(f,9)] < PR g(t)dt - [Falbv
a a,b],pa
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c) for f € Lpla,b], g € Lo[a, b]

Kl

la,b],00

IC(f,9)] <

1 b
— t)dt
1= | o0

The case when one function is bounded is as follows.

1
(b—a)2/r

Corollary 6. Assume that f,g: [a,b] — R are Lebesgue integrable functions on
[a, b]. If there exist constants n, N such that n < g(t) < N for a.e. t € [a,b], then

a) for f € Lyo[a,b], g € Ly[a,b]

1
|C(f,g)|§§(N*n)||f||oAc, (20)
b) for f € Lysla,b], g € Lpa[a,b], a>1, 1 + % =1
1 1 A
|C(f,9)| < §(N - n)m”f”pﬁ (21)
c) for f € Lyla,b], g € Lo[a, b]
1 1 A
|C(f,9)| < §(N—n)m|\f||p . (22)
Proof. From (17)-(19) we have
a) for f € Looa,b], g € L,a,b]
1 N+n A
C(f,9) < 9- fllse - 23
< Ggme 3, I (23)
Since
Hg_n—&-N SN_n(b—a)l/p
2 lapp 2

then by (23) we get (20).

b) For f € Lyg[a,b], g € Lyala,b], @ > 1, & + 4 =1, we have

1

N+n
IC(f,9)l < (b— a)/p+1/pB

2

1£1155 - (24)

i
la,b],pa

Since

< —N;"(b—a)”p‘”‘

_n+N
977

la,b],pa
then by (24) we get (21).
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c) For f € L,la,b], g € Lso[a,b] we have

C(f.9)l < (b_la)Q/p g I e (25)
Since
Hg - n+N < N — n’
2 [a,8],00 2
then by (25) we get (22).
U

The case when one function is of bounded variation, is as follows.

Corollary 7. If f: [a,b] — R is Lebesgue integrable and g: [a,b] — R is of bounded
variation, then

a) for f € Lyo[a,b], g € Ly[a, ]
K
ERVIONI

b) for f € Lysla, b, g € Lpala,b], a>1, 1 + 5 =1

w\»—‘

b
\/ 2/p6||f||p57

c) for f € Lyla,b], g € Lo[a, b]
C <1 b L A
IC(f.9)| < 5\!(9) m”fup :
Proof. From (17)—(19) we have
a) for f € Looa,b], g € L,[a,b]

1C(f,9)] < (b_la)l/p g

1115 - (26)

[a,b],p

Since

g(a) +g(b)
2

1 b

_ - _ 1/
Hg 2 \/ CL p
[(L b],p a

then by (26) we get the desired result.
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b) For f € Lygla,b], g € Lpala,b], a > 1, é‘F % =1, we have

1 g(a) +g(b) A
C(f.9)] < - 1713 @
(b - a)l/p+1/pﬁ 2 la,b],pcx PP
Since ,
g(a)+ g(b 1 o
o - 200 e,
[a7b]7pa a
then by (27) we get the desired result.
c) For f € L,[a,b], g € L[a,b] we have
1 g(a) +g(b) A
C(f,9)] < 9- If1lp - (28)
(b - a)Q/p 2 [a,b],00 b
Since ,
g(a) +g(b) <L
g— 2L Z
H 2 la,b],00 2 \a/
then by (28) we get the desired result.
O

Corollary 8. If f: [a,b] — R is Lebesgue integrable and g: [a,b] — R is Lipschitzian
in the middle point with the constant La.+» and the exponent q > 0, then
2

a) for f € Ly[a,b], g € Ly[a,b]

CU9)| € mrLogs =D 14,

< gl

b) for f € Lygla,b], g € Lpala,b], @ > 1, é—i— % =1
1 (b—a)i—2/P8
IC(f,9)] < 2711@; W“ Hp,ﬂ7

c¢) for f € Lyla,b], g € L[a, b]

1 _
CU )| < e Luge (b — @)t 2/7) 12

2

Proof. From (17)—(19) we have
a) for f € Looa,b], g € L,la,b]

1 a+b A
O < g—g( ) TS (29)
(b—a)l/r 2 ) b0
Since
Hgg<a+b> - L ( )q+1/p
2 [ablp 2 (gp+ 1)1/P°

then from (29) we deduce the desired result.
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b) For f € Lygla,b], g € Lyala,b], « > 1, L %71 we have
1 a + b A
C1.9)| < a9 9 112, 30)
[a,b],pax
Since
g—g( 20 < L, D@
2 bl = Qq(qpa +1)Y/pa’

then from (30) we deduce the desired result.

c) For f € L,la,b], g € Lo[a, b] we have

1 a+b A
— lg—g( =2 . 31
0001 < Ggpm|o (57|, W (31)
Since . . .
o)
2 la,b],00 2 2
then from (31) we deduce the desired result.
(]

Remark 3. If the function g is Lipshitzian with the constant L > 0, then

a) for f € Lo[a,b] ,
-a
Sy

1
IC(f,9)] < §LW

b) forfGLpg[a7b],a>1vé+%:1

[ (o—a)i 2P

1
C(f,9)] < 3 W

c) for f € Lyla,b]
CU9)] < 510~ ) /7| f]3

4 Applications for Mid-point Inequalities

Consider absolutely continuous function h: [a,b] — R. We have the following well
known representation

h(“;b) - bia/abh(t)dt: bia/abK(t)h’(t)dt

where the kernel K': [a,b] — R is defined by

O L if t € [a, 4],
D= if t € (%£2,p).
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Since f: K(t)dt =0, then

b—a

‘ﬁK@M@&:aKM)

Utilising Corollary 1 we have
a) for ' € Lyla, b

a+b 1P 1 h(b) — h(a)
h - h(t)dt] < ———F+ - =
’ < 2 ) b_a/a () ‘(ba)l/p b —a [a,b],cxu7
)forh’eLpg[ab]a>1f+B 1
a+b 1 1 h(b) — h(a)
——— | W) dt| < ——||K - =
2 ) b—a /, ®) ‘ - (b—a)l/PH lfa.2).po b—a [a,b],pﬁ’
c) for ' € L,|a,b]
() [l Kl — PO =)
2 ) b-a )1“’ ’ b=a  lapp
Observe that for ¢ > 0 we have
/a
K lhasa = | [ 100 t]
- a;b b 1/(1
= / (t—a)th+/ (b—t)th]
a+b
LS a 2
[(t— )t |5 (b= pyett P 1/a
B q+1 a B q+1 aTHy
M b—a)\q+1 _ana+17 1/
_ G () _(b-atte
qg+1 qg+1 2(q+ 1)4a
Then
(b— a)1+1/p X (b_ a)1+1/pa
lp = 2t 1) 1K | (a,b),p0 = 2pa + 1)1
We also have 1
Making use of (32)—(34) we get
a) for b’ € Lyla, b
;_ h(b) = h(a)

a+b 1 b b—a
h — h(t)dt| < h' —
‘ ( 2 > b—a/a () ‘2(p+1)1/p

b—a

[a,b],00
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b) for h' € Lygla,b], a > 1, L + 5 =1
‘h(a—&-b)_ 1 /bh(t)dt'< (b—a)'"t/P2 |, h(b) = h(a)
2 b—a/, = 2(pa+ 1)1/pex b—a (@bl.p8
c) for b’ € L,a,b]
b
h atby 1 /h(t)dt <1(b—a)1_1/1’ h’—M
2 b—a /, 2 —a [a,b]
a,bl,p
For p = 1 we get the simpler inequalities
a) for ' € Ly[a,b]
a+b 10 1 , h(b) — h(a)
- < Z(h— A S v
'h< 2 ) b_a/a h(t)dt‘ B 4(b a) " . [a,b],oo7
b) for b’ € Li]a,b]
b p—
‘h(‘”b) L /h(t)dt'gl(ba) pr— 1) = hla) .
2 b—a J, 2 —a R

Utilising Corollary 2 we have

a)

(T =K a,5],00 5

a+b 1 b
P <
‘h( 5 ) - h(t)dt‘_

a

11
b) fora>1, 2+ 5=1

a+b 1P 1 1
h - — ht)dt| < =(T' —v)———|| K
n(50) - 5 [ 0] < 40 ) K .

c) \
() - [ od] < 30 e K
provided that v < h/(t) <T for a.e. t € [a, b].
Utilising the above calculations we then have
a)
\h(agb)—bia/bhwdt\s<r—v><b—a>, (35)

b) foroz>1,é+%:1

a+b 1 b 1 (b — a)+1/pa=1/p8
h — h(t)dt] < =(T" —
\(2) L \_2< o)
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b—a

2(p+1)1/r”’ (37)

a+b 1 b 1
- < (T -
‘h< 2 ) b—a a h(t)dt’ B 2( ’Y)

provided that v < h/(t) <T for a.e. t € [a, b].
In particular, for p = 1 in (37) we have

\h(”“’) ! /abhos)dt\ <lr-me-a).

2 Cb—a

which is the best inequality one can get from (35)—(37).
If we use Corollary 3 and assume that h’ is of bounded variation on [a, b], then

b

e9) 2 Lol Yoo

a+b 1t 1\’ (b — a)l+1/pa=1/pp
h — h(t)dt| < = \/ (K
’( ) a0 '2\/() Spa D

’h(a;b)_bia bh(t)dt‘gé\a/(h’)w. (38)

From (38) for p =1 we get

‘h<a+b> B b_la/:h(t) dt‘ < ;(b—a)\(j/(h’).

2

If we use inequalities (14)—(16) and assume that h’ is Lipschitzian with the constant

U > 0, namely
|W'(t) — h'(s)| < Ut — s| for t, s € (a,b),

then
a)
’h(“;b> - bia/abh(t)dt‘ < Uim7
b)

a+b 1t 1 (b— a)2-V/pB+1/pa
h - h(t)dt| < U=
‘ ( 2 > b—a/a € ‘_U‘l (pa +1)2/pe 7
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a+b 1 b 1 (b—a)?
- <py-=_"
”‘( )i ah(t)dt‘—UupH)l/p

In particular, we get for p =1

‘h<agb>-bi6hlbh(yﬂ‘ S(b— U,

5 Applications for Trapezoid Inequalities

Consider absolutely continuous function h: [a,b] — R. We have the following well
known representation

a b ’
)+ >bia/a h(t) dt = bfa/a V(0 (t) dt

where the kernel V': [a,b] — R is defined by

a+b

Since f; V(t)dt = 0, then

1
b—a

/b V(K (t)dt = C(V,1).

Utilising Corollary 1 we have
a) for ' € Ly[a,b]

h(b) + h(a) 1 b 1 , h(b) _ h(a)
- < _\d) R\
‘ > b—a/a MO di| < G g Ve === B9
b) for hlELPﬁ[aab]aa>1 +%:
—h
R T e N L C L Cl T
) b=a  llapps
c) for ' € L,a,b]
b J—
’ Pt (b-a)tr 7 b=a M

Observe that, for ¢ > 0 we have

+b

b 1/q == q b K 1a
> (a+b a+b
1Vl ab),q = [/ |V(t)|¢Idt] = {/ ( 5 —t) dt+[b+b (t— 5 ) dt}

b a+b\4 1/q 2(6?)%1 1/q (b_a)1+1/q
= |2 t— el =221 | ="t
oft 2 g+1 2(q + 1)1/
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Then
(b o a)1+1/pa

v (b—a)t*i/p v
1V llab).0 = B ES 1V 1l{a,60,pa = 2pa + D)/re”

We also have 1
”VH[a,b],oo = i(b - a).

Making use of (39)—(41) we get
a) for h' € Lyla, b

l

b J— —
h(b) + h(a) 1 / h(t) dt| < b—a . h(b) — h(a) ’
2 b—a /, 2(p+1)1/p b—a [a,b],00
b) for ' € Lygla,b], a > 1, L + % =1
b —a)l-1/pB _
h(b) +h(a) 1 / h(t) dt| < (b—a) ~ h(b) — h(a) 7
2 b—a/, 2(pa + 1)1/pex b—a (a.b].p8
c) for b’ € L,a,b]
1 1 -
2 b—a J, 2 b—a (0,0,
For p = 1 we get the simpler inequalities
a) for ' € Ly[a,b]
b _
h(b) + h(a) 1 / h(t) dt| < }(bf o)l = h(b) — h(a) ,
2 b—a/, 4 b—a [a,b],00
b) for b’ € L]a,b]
1 h 1 -
2 b—a /, 2 b—a [a,b],p

Since the p-norms of the kernel V' are the same as of K, then we can state the

following results as well.
If v < W(t) <T for a.e. t € [a,b], then we have

b
h(b) +h(a) 1 / h(t) dt’ <@ =9)(b-a), (42)

(b—a)'t1/pa—1/p8
2(pa + 1)1/per

(43)

)
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l

h(b) + h(a) 1 /b 1 b—a
— ht)dt| < =(T' =) ————. 44
s [ <G @
In particular, for p =1 in (44) we have
h(b) 1
’ _a/ ht dt’ 0= a),
which is the best inequality one can get from (42)—(44).

If 4/ is of bounded variation on [a, b], then

a)

a b ’
)+ hle) bia/a h(t)dt‘ V) 6-a),

l

b) for a > 1, é—l—%:
1.° (b — q)'+1/pa=1/pB

a b
‘h(b) + h( ) _ 1 ‘/a h(t) dt‘ < ) \/(h/) Q(pOé + 1)1/170‘ ’

2 b—a

h(b) + h(a) 1P 1 ,
‘ 2 b—a/ah(t)dt‘SQY(h)Q(p—Fl)l/p'

From (38) for p =1 we get
h(b) +
’ 2 bfa/ h(t dt’ =(b—a \a/

Assume that b’ is Lipschitzian with the constant U > 0 then

- 4(p+1)p

h(b);rh(a) bia/abh(t)dt‘<Ul (b—a)?

a)?~1/pB+1/pa

)

h(b) + h(a) 1 b 1(b—
' : —b_a/a h(t)dt’SU4 e

h(b) + h(a) 1 b 1 (b—a)?
’ > ‘ba/ah“)d’f’f%mlw-

In particular, we get for p =1
h(b) + h(a) 1 1 )
— < — — .
’ 5 b_a/ah(t)dt —g(b a)°U.

Some similar inequalities may be stated in terms of the A-seminorms. However

the details are omitted.
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6 Some Exponential Inequalities
We can state the following result.

Theorem 6. Let f,g: [a,b] — R be Lebesgue integrable functions on [a,b]. If
®: R — R is convex and monotonic nondecreasing on R then we have the inequality

et <yt [ (P ) ae (45)

Proof. From Theorem 1 we have

[C(f,9)]

< bf@/f@[(f@)—,)i@/abf(t)dt) (g(x)—2u+b_1a/abf(t)dt>] da

for any pu € R.
Utilising the elementary inequality

2\ 2
af < ( )
2
that holds for any «, 8 € R, we have

(01525 [ s000) (st 2 2 [ yar) < (Moot )

for any x € [a, b].
Since ®: R — R is monotonic nondecreasing on R then

@ Kf(x) = N0 dt) (gm S N0 dt)]

o520y oo

2

for any x € [a, b].
Integrating (46) over z in [a,b] and taking the infimum over u € R, we deduce
the desired result (45). O

Remark 4. Writing the inequality (45) for ®: R — R, ®(x) = expx we have

bia;gg/abexp[(wwf]dx. (47)

This inequality can provide some exponential inequalities as follows.
Assume that f: [a,b] — R is Lipschitzian with constant L > 0 and g: [a,b] — R
is Lipschitzian with constant K > 0. Then by taking

_f() +9(28)
2

exp[C(f, 9)] <
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we have

(f(x)+g(x) f(“g“’)+g(“2“’)>2§<L+K>2<x_a+b)2

2 B 2 2 2

and by (47) we have

explC(f,g) <b_la/:exp[(“f)z(x—a;”)g]dm.
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A determinant formula for the relative class number
of an imaginary abelian number field

Mikihito Hirabayashi

Abstract. We give a new formula for the relative class number of an imagi-
nary abelian number field K by means of determinant with elements being
integers of a cyclotomic field generated by the values of an odd Dirichlet
character associated to K. We prove it by a specialization of determinant
formula of Hasse.

1 Introduction

There are lots of formulas for the relative class number of an imaginary abelian
number field K by means of determinant (see [5] for bibliography). In this paper
we give such a new formula. We prove it by a specialization of the determinant
formula for generalized group matrix which appears in [2, §13]. The key idea is
a transformation of generalized Bernoulli numbers and a transformation of their
product over the odd characters to one over the even characters. In our formula,
elements of the determinant are integers of a cyclotomic field generated by the
values of an odd Dirichlet character associated to K, whereas elements of the
determinants are rational numbers for known formulas. We may regard our formula
as an imaginary version of Hasse’s formula [2, § 16, (3)], which expresses the class
number of a real abelian number field by means of determinant with elements being
logarithms of cyclotomic units of its cyclic subfields.

2 Results

Let K be an imaginary abelian number field of degree n and with conductor f, and
let Ky be the maximal real subfield of K. Let Hy be the subgroup of the group
(Z/fZ)* of reduced residue classes modulo f corresponding to Ky. Let X be the
set of Dirichlet characters associated to Kj.

2010 MSC: Primary 11R29; Secondary 11R20
Key words: imaginary abelian number field, relative class number, determinant, class number
formula
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We assume that the Dirichlet characters x associated to K, which we call char-
acters of K for short, are primitive and that, as usual, x(z) = 0 for an integer z
not relatively prime to the conductor f(x) of x.

We classify the group X by the following equivalence ~: for characters Y,
¥ € Xg let x ~ 1 if and only if there exists an integer m such that m is relatively
prime to n, and that ¢ = x™, where n, is the order of x. We call the classes classi-
fied by this equivalence Frobenius classes. Let {19} be a system of representatives
of the Frobenius classes. For a representative 1o let ¢y, be an integer such that
the quotient group (Z/fZ)* /Hy, is generated by a class represented by ¢y, mod f,
where Hy, = {zxmod f € (Z/fZ)* ; o(x) = 1}.

We fix an odd character x7 of K. As we will see, the elements of the determinant
of our formula are integers of the field generated by the values of the character xj.

For an even character x( of K and for an element amod f of (Z/fZ)* let

f
o (a) = =xi(a) D xi(z)Rs(ax),

=1
(.f)=1
xo(z)=1

where R(a) is the least positive residue modulo f of a. Then we define a matrix U
by
—k
U = (ty (St5")) (s mod £)Ho o, 0<k<p(nyg)—1 5
where (smod f)Hy runs in the rows over the quotient group (Z/fZ)* /Hy, which
is isomorphic to the Galois group Gy of Ky; 1o and k run in the columns: {tp} is
a system defined above and ¢ is the Euler totient function. Here, t;f mod f is the
inverse of tﬁlo mod f, i.e., tz;f is an integer satisfying t;ftio = 1(mod f).
With the notation above we have the following

Theorem 1. For an imaginary abelian number field K of degree n and with con-
ductor f, we have

2f)"2eqg”
—r——=h
Quw
where h* is the relative class number of K, () is the Hasse unit index of K, w is
the number of roots of unity in K, and g* is defined by

g = HH(l —x1(p))

Xt plf

detU = &+

where the products [, and le s are taken over the odd characters x, of K and
the prime numbers p dividing f, respectively, and c is a natural number expressed
by
c= H p% 20k |ng (q(%’g)_%)’
plno

where the product leno and the sum ZP“MO are taken over prime numbers p
dividing ny = n/2 and the powers of p dividing ng, respectively, and g(m) is the
number of solutions of z™ =1 in Gj.
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We remark here that the elements u,,(a) and the matrix U depend on the
character xj, as we see in the examples below, and that, in addition, U depends
on the choice of integers ty,. In fact, we have different U’s for different ¢,,’s in the
case of K = Q((7), the 7th cyclotomic field. Moreover, we note that the matrix U
never coincides with any matrix in known formulas, because U always contains a
constant column corresponding to the principal character ¥y = 1.

As seen by definition, the number ¢* may be zero and then remains a problem
of how to construct such a formula in Theorem 1 in case of g* = 0.

For the cyclotomic fields of prime power conductor we have the following corol-
laries.

Corollary 1. For the cyclotomic field K = Q((p») of conductor p” (p > 1), p an
odd prime, we have
_ ik
det U = det (uy, (g by ))o<i<w—1;wo,ogkggo(nwo)—l
p"_l(p 1)

= £(2p”)

where ¢ is a primitive root modulo p”.

—lh*

For the field K = Q((pr) we can take ty, = g for every 1o # 1 and ty, = 1 for
Yo = 1.
Corollary 2. For the cyclotomic field K = Q((20) of conductor 2° (p > 2) we have
_ i—k
det U = (uyy (5, ))OSZ'S2”_2—1;woaoﬁkﬁip(”wo)—l
— 4 2(pt1)2° 7 —p px

For the field K = Q((2-) we can take t,, = 5 for every ¢ # 1 and t,, = 1 for
o = 1.

Here we give examples. We adopt the basic characters which Hasse used in [2].
For an odd prime p let x, be an odd character modulo p of order p — 1 and
Ype (p > 2) an even character modulo p? of order p?~'; in addition ¢}, = th,e-1.
For the prime 2 let x4 be the odd character modulo 4 and 9, (p > 3) an even
character modulo 2° of order 2°~2; in addition 93, = t,-1. The subscript of a
basic character denotes the conductor.

For the following calculation of the values of u,,(a), we use the identity

f [f/2

Z Xi(x)Ry(ax) Z z)(2Ry(az) — f) .
(=1 1:1
xo(x)=1 z)=1

Example 1. Let K = Q((5), i.e., p =5, p = 1. Take g = 2 and xj = x5. Then
{to} = {LX%} and

ui(a) = —xs(a)(2Rs(a) — 5+ i(2Rs5(2a) — 5)) ,
uyz(a) = —xs(a) (2Rs(a) - 5) .
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Consequently
U= ur(l)  uyz(1) _(3+i 3
ui(2)  uy2(2) 344 1

and hence detU = —2-5. Otherwise, by Corollary 1 and [2, Tafel II], det U
+(2-5)%7 1. 1=42.5.
Taking g = 2 and x} = x2, we have

3—1 3
U= (Si z)
and hence detU = —2 - 5.

Example 2. Let K = Q((o3), i.e., p = 2,p = 3. Take xj = x4. Then {¢)o}
{1,990} and
uy(a) = —2x4(a) (Ras(a) — Roz(3a)) ,
U, (a) = —2x4(a) (R23 (a) — 4) .

U— ul(l) u%s (1) _ 4 6
u1(5) Uy, (5) 4 -2
and hence det U = —2°. Otherwise, by Corollary 2 and [2, Tafel II], det U

i2(3+1)23_273 .1 = 495,
Taking x7 = x4vs, we have

Consequently

and hence det U = —25.

Example 3. Let K = Q(v/—3,v/5). Take x = x3. Then {1} = {1, x2} and
ui(a) = —2x3(a) (Ris(a) — Ri5(2a) + Ryi5(4a) + Ri5(7a) — 15) ,
uyz(a) = —2x3(a) (Ris(a) + Ryi5(4a) — 15) .

Consequently
o () we))_ 10 20
C\ui(2) u,e(2)) \10 -10

and hence det U = —22.3.52. Otherwise, sincec=1, g* =2, w =2-3 and Q = 1,

which is obtained by [2, Tafel II], we have by Theorem 1

()P (2150412
Qu 1-2-3

30 20
U= (30 10)

detU = + -1 =42%2.3.5%

Taking x} = x3X?, we have

and hence det U = —22 -3 - 52.
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3 The determinant of a generalized group matrix

In the second chapter of the book [2] Hasse gave two transformations of the class
number formula for a real abelian number field; the first transformation is an
application of summations ) x(z)A¢(x) to the group matrix, As(x) an ordinary
distribution (cf. [2, p.18] or [4, Lemma 12.15]), and the second transformation is
one for summations ) x(s)uy(s) and for the matrix Ug (see Lemma 1).

By the first transformation, replacing the distribution A (z) in [2, p. 18] with

o= (P21,

we can obtain the formula of Girstmair [1] with Maillet determinant for the relative
class number of an imaginary abelian number field with conductor f.

For the proof of our formula we need the following lemmas. Let & be an abelian
group of order n and X the group of characters of &. For y € X let

Ny ={z e & x(z) =1}

For s € ® and x € X let u,(s) be a complex-valued function satisfying the
following conditions:

(1) uy(s) =uyv(s) for s € & and v € Z relatively prime to the order n, of x.

(i) uy(s) = uy(s’) fors, s’ € & with x(s) = x(s).

We classify the group X by the Frobenius equivalence defined as in §2. Let {¢}
be a system of representatives of the Frobenius classes of X. For a character v let
t,, be a representative of a generator ¢y, of the cyclic group ®/$,. Then we
define a matrix Ug by

_ —k
Us = (1 (515")) sewip.0ch<ptng) -1
where s runs in the rows, and ¢ and k run in the columns.
Lemma 1. [2, §14] For the matrix Us we have
det Ups = +cg H Z x(s)uy (s),
XEX s mod $,

where cg is a positive number defined by

1 n ‘P("W)) "
cg ==L () det (¢ (ty)* 1<i<n,
det(X(S))SEG,XEX 1;[ Ty ( v ) (i,_nl/)_):wl
0<k<p(ny)—1

and smod $),, in the sum ) runs over the quotient group &/, .

smod

Lemma 2. [2, §14 and §15] For an abelian group & of order n the number cg is a
natural number and holds

Ce = Hp% Zpk'" (q(ﬁ)_plk) s
pln

where the product and summation are taken over the prime numbers p dividing n
and over the powers of p dividing n, and gq(m) is the number of solutions of ™ = 1
in &. Therefore cg = 1 if and only if & is cyclic.
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4 Proof of Theorem 1

Proof of Theorem 1. We start with the arithmetic class number formula for A*,
Qw H < B1 Xl) .

For any odd character x; of K we have

f(x1)

1 f
Ya( -
) g 0007t
and like as [4, Lemma 8.7] we have

Z x1(a H(l -xi(p)) - ZXl(a)a'

plf a=1

~

=1
(a f)=1

In fact, if p | f, we have x(p )Za 1 Xx(a)a = Z{:/’i x(pb)(pb) and hence

f f
IT0 -0 3 a(ele = Soxtaa + S (3 wt))x(@
»lf a=1 df  dld
d>1 g'>1
f f
=Y x@a-Y x(dd= Y xi(aa,
a=1 d|f a=1
d>1 (a,f)=1

where p(+) is the Mobius function.
Therefore, putting

7
Stxa)= Y. xlaa,
(@n=1

we have by the arithmetic class number formula for h*

n/2**
P s

and hence our task is to show that the product of the right-hand side is +c¢~! det U.
Recall that 7 is a fixed odd character of K. For an even character yo of K let

Hy, = {wmod f € (Z/§Z)* : xo(x) = 1}.

Choose a system of representatives smod f of (Z/fZ)*/H,,. Then, for an odd
character x1 = xox; of K we have

Shx) =Skox)) = Y Xo(s)uy(s),

smod Hy,
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where

Therefore we have

[T =11 D. xo(s)uyl(s),

Xo smod Hy,

where the product HXO is taken over the even characters y( of K.

Here we use Lemmas 1 and 2 by letting & be the group (Z/fZ)* /Hy and by
replacing n by n/2, x by Xxo, Us by U, cs by ¢, and uy(s) by wy, (s).

To use Lemma 1, we need to check the u,,(s) for meeting the conditions (i)
and (ii) in §3. First let v be an integer relatively prime to the order of xo. Then
x4 (x) =1 if and only if xo(x) = 1. Hence

f
Uy ( Z z)Ry(sz)
(x7)=1
X0 (z)=
= uXo (3)

Secondly let s, s’ be integers relatively prime to f satisfying xo(s) = xo(s’). Hence

Uxo (s") = xi(s") X () Ry (s'z)

B2 M\
T
—_

>
— %
—
V)
~
~
(]~
>
— %
—~
w
—
V)
~
~—
|
—_
8
~—
<
—~
V)
~
w
—~
V)
~
~
|
—
8
~

B2

8
~s 8
=
—_

bas
S)
8

>
— %
—
»
~
~
(]~
>
— %
—
»
~—
>
%
—
VY
<
~—
—
~
<
—
w
8
~

A
B
>

B
=

= ~
S)

Here (s')~!mod f is the inverse of s’ mod f. Therefore we have checked the condi-
tions.
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Consequently, by Lemma 1 we obtain

(—2f)"/2g"h" i
—r = =1\ = —detU
Qw ]; (Xl) Te € ;

that is,

Qw
and by Lemma 2 we immediately obtain the expression of ¢. This completes the
proof.

Corollaries 1 and 2 are directly obtained by Theorem 1, because for the cyclo-

tomic fields K of prime power conductors we have g* = 1 by definition, ¢ = 1 by
Lemma 2 and @ = 1 by [2, Satz 27].

detU = &+
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Discontinuity of the Fuglede-Kadison determinant on
a group von Neumann algebra

Benjamin Kiister

Abstract. We show that in contrast to the case of the operator norm topol-
ogy on the set of regular operators, the Fuglede-Kadison determinant is not
continuous on isomorphisms in the group von Neumann algebra A(Z) with
respect to the strong operator topology. Moreover, in the weak operator
topology the determinant is not even continuous on isomorphisms given by
multiplication with elements of Z[Z]. Finally, we define T' € N'(Z) such that
for each A € R the operator T'+ \-id;2 (7 is a self-adjoint weak isomorphism
of determinant class but limx_,o det(7 + A - idlz<Z>) # det(T).

1 Introduction

Fuglede and Kadison [1] introduce their determinant for operators in a finite factor.
They prove that, for regular (i.e. invertible) operators, the new determinant shares
many algebraic and analytic properties with the usual matrix determinant (which
it generalises). That includes continuity with respect to the operator norm. We
consider the continuity properties of the generalised Fuglede-Kadison determinant
which is used for example by Liick [4, p.127] to define the topological invariant
“L2-torsion”. Let f be an element of a finite von Neumann algebra (N, 7). The
(generalised) Fuglede-Kadison determinant of f is

exp (f;jln(A)dF(f)), it f27 In(A) dF(f) > —oc,

0, otherwise.

det(f) := { (1)
In this definition, F/(f): [0,00) — [0, 00) is the spectral density function of f which
is defined by F(f)(\) = T(Eic;f), where Eﬁ;f is a spectral projection of the self-
-adjoint operator f*f. The associated measure on the Borel o-algebra of R is given
by dF(f) ((a,b]) = F(f)(b) — F(f)(a) for a,b € R,a < b. The notation “0+”
in 1 means that we omit the possible atom 0 in the domain of integration. The

2010 MSC: 47C15
Key words: Fuglede-Kadison determinant, group von Neumann algebra



142 Benjamin Kiister

omission of that atom is the reason why definition (1) is slightly more general than
the original analytic extension of the Fuglede-Kadison determinant to non-regular
operators [1, p.528]. In that extension, all operators with non-zero kernel have
determinant zero. In contrast, the generalised Fuglede-Kadison determinant (1)
completely ignores the kernel, which leads for example to the odd equation det 0 =
1. However, for injective operators in a finite factor, the original Fuglede-Kadison
determinant and its generalisation (1) agree.

Applications

An example of a finite von Neumann algebra is the group von Neumann algebra
N(G) of a discrete group G. It is defined as the set of all operators in B(I?(G))
that commute with the G-action on [?(G) given by left multiplication. The trace
is

TZtI‘N(G): N(G) - C,
T +— <T€,€>12(G) ) (2)

where e is the neutral element of G. In [4, chapter 1], Liick extends that example to
the more general theory of morphisms of finite-dimensional Hilbert A/(G)-modules.
In that context, the Fuglede-Kadison determinant is the main technical ingredient
in the definition of L2-torsion (see [4, chapter 3]).

An important class of operators in N(G) are those which are given by left
multiplication with an element of the integer group ring ZG. Let (a: G — Z) € ZG,
i.e. a(g) # 0 for only finitely many g € G. The operator in A/(G) defined by a is

A 2(G) = 13(G)

(cg)gec — ((Ac)g)gec, (Ac)g = Z AnCp—1g -
heG

Matrices of such operators are exactly the morphisms of Hilbert N (G)-modules
that occur in the study of L2-invariants of finite free G-CW-complexes. Therefore,
determinants of those operators are an important special case of research.

A different example of application of the determinant is the case of the von Neu-
mann algebra associated to an equivalence relation in a probability space, see [2].

Motivation

The motivation to study the continuity properties of the determinant springs from
the desire to understand the behaviour under limits of all constructions that use
the determinant, e.g. the L?-torsion invariant.

The few positive results about the continuity properties of the determinant
of morphisms of finite-dimensional Hilbert A/(G)-modules [4, p.129] all consider
operator norm convergence and follow essentially from the classical dominated or
monotone convergence theorems of Lebesgue and Levi. For example, there is the
result that for an injective positive morphism f: U — U in a finite-dimensional
Hilbert N (G)-module, we have

/\11}11([)1+ det(f + X\ -idy) = det(f). (3)
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Naturally, for such continuity results one expects non-trivial counterexamples when
the conditions of no classical convergence theorem for integrals are fulfilled. By non-
-trivial counterexamples, we mean operators which are as regular as possible. By
the latter we shall mean that the kernel and the cokernel are as small as possible,
the operator has useful properties such as being self-adjoint, and the operator is of
determinant class, i.e. has strictly positive determinant.

For the strong and weak operator topologies, positive results are much harder
to obtain since the convergence of operators in those topologies does not imply con-
vergence of the spectral density functions of the operators in any usable sense. We
are not aware of any published research in the study of the continuity of the deter-
minant with respect to other topologies than the one induced by the operator norm.

Main results

Our three main results are: The determinant is not continuous on all isomorphisms
in NM(Z) with respect to the strong operator topology. In the case of the weak
operator topology, the example of discontinuity can be constructed within the class
of operators in N (Z) given by left multiplication with elements of Z[Z]. Considering
the operator norm topology, the Fuglede-Kadison determinant can be discontinuous
at A = 0 on aline {T+X-idj2(z) | A € R} that consists entirely of weak isomorphisms
of determinant class. That is a non-trivial counterexample to (3) in absence of
positivity. In all cases the operators are constructed explicitly and the short proofs
of their properties suggest how one might construct similar “pathologic” examples
in other situations.

Method

The basis for the construction of our examples is the following model for the group
von Neumann algebra of the integers. Liick remarks in [4, p.15] that there is an
isometric x-algebra-isomorphism N(Z) = L>°(S*), where L>°(S%) is identified with
the set of pointwise multiplication operators {M, | g € L>(S')} c B(L*(S')) and
the involution on L>°(S%) is pointwise complex conjugation. That isomorphism of
algebras is induced by an isometry of Hilbert spaces

zHZakzk), z=¢e%cC. (4)
kEZ

Note that (4) implies that an operator in N'(Z) given by left multiplication with

an element (ay)rez € C[Z] is identified with the polynomial Y, o, arz" in L(S%).

The identification NV'(Z) = L>°(S!) allows for simple constructions of concrete mor-

phisms in AV (Z) with prescribed spectral density functions. Moreover, under the
identification there is the following simple formula for the determinant [4, p. 128]:

ndet g = / I 1g(=)] - Xguest | gurzop dvols, g € L®(5%) (5)
Sl

where dvol, is the usual “round” measure on S', scaled such that vol(S!) = 1.
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At this point we would like to remark that although N (Z) =2 L°°(S!) is not a
type II factor (because Z has no infinite conjugacy classes, see [3, Theorem 6.7.5]),
L>°(S1) can be embedded into a type II factor as a maximal commutative subal-
gebra, by the classical group measure space construction. Therefore, operators in
N (Z) can be regarded as elements in a type II factor. Moreover, since all operators
involved in our counterexamples are injective, their determinant agrees in fact with
the original Fuglede-Kadison determinant from [1], which means that our results
apply in particular to the original Fuglede-Kadison determinant.

2 Discontinuity in the Weak Operator Topology

Proposition 1. There is a sequence (A, )neny C N(Z) of isomorphisms, given by
left multiplication with elements in Z[Z], which converges to id;2(z) with respect to
the weak operator topology but lim,, . det(A,) # 1 = det(id;2(z)).

Proof. Define A,, to be left multiplication with ("ax)kez, where "ag = 1, "a,, = 2
and "a; = 0 for all k£ € Z other than 0 and n. Under the isometric isomorphism
N(Z) = L>(S'), A,, corresponds to the polynomial

pn(2):=1422", zeS'cC.

The polynomial 1 + 22" on S' is bounded away from zero for each n € N. Hence
A, is invertible with inverse the operator corresponding to 1/p, € L>(S'). In [4,
p. 136], Liick proves an example that implies det(A,,) = 2 for all n € N. From (2)
follows immediately that det(idj2(z)) = 1. What is left to show is that (A, )nen
converges to id;z(z) in the weak operator topology as n — co. Let f,g € C>(Sh).
Then we have

1

§<(pn - 1)fag>L2(51)

—| [ 1@ 3G v,
Sl
27

= /ei”tf(exp(it)) g(exp(it)) dt
0

- /%ei”t%(fg) (exp(it)) dt
0

Slesay ), = o, (6)

IN

Now, since C*°(S') is dense in L?(S!) with respect to its Hilbert space norm, we can
conclude from (6) that the sequence of operators in B(L?(S')) given by pointwise
multiplication with p,, converges to idz2(s1) in the weak operator topology as n —
00. The corresponding claim about the sequence (A, )nen follows immediately. O

Note that the sequence (A, )nen from the previous proof does not converge to
idj2(z)y in the strong operator topology: For each polynomial p, corresponding to

Ap, we have [|(pn — 1) fll 1251y = 2| fll 2y for all f € L*(S1).
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3 Discontinuity in the Strong Operator Topology

Proposition 2. Let r = (7,)nen be a sequence of non-negative real numbers (e.g.
rn = sin(n) + 1). There is a sequence of isomorphisms (f7)nen € N (Z) such that
f7, = idi2(z) in the strong operator topology as n — oo and det(f,) = exp(—ry).

Proof. We use the identification L>°(S') =2 N(Z). Let for n € N the operator f
correspond to the function g” € L>°(S!) given by

, o Jexp(=n-ry), <t
g, (exp(2nit)) = { .

t

)—AS\’—‘

L,

3=

<
<

Then f] is self-adjoint, as g;, is real, and invertible with inverse the operator cor-
responding to the well-defined function 1/g € L>(S1).

We prove first that f; converges to idj2(z) in the strong operator topology.
This is equivalent to proving that the pointwise multiplication operator M, €
B(L?(S")) converges to idp2(g1).

Let h € L?(S1).

My () = | o 1) = / [92(z)h(=) — h(2)]” dvol,
1

/

i (exp(2mit)) h(exp(2mit)) — h(exp(2mit)) ‘2dt

2
h(exp(2mit)) (exp(—n - ry,) — 1)‘ dt

‘ 2

exp 27th dt.

0

The final integral converges to zero as n — oo due to o-additivity of Lebesgue
measure. The calculation of the determinant of f! is a very easy task using (5):

Indet(fy) = /ln(|g:;(z)|) * X{ues! | g7, (u)0} d Vol

In (g}, (exp(2mit)))dt

<O\HCB

n

In(exp (—n - ry,))dt

I
Lo~

n - t
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4 Discontinuity in the Operator Norm Topology
Define T € N(Z) as the operator corresponding to g € L°(S!), where

1 n(n+1) T 1 1
g (exp(2rix)) := (nx) —e , TE <n+17n} , neN. (7)

The shape of the graph of g is illustrated in Figure 1 below. One property of g is
that for all z € (ﬁ_l, %], n € N, there is a d, > 0 such that

—e V" — 5, > g (exp(2miz)) > —e VL,

The statement in line (4) can be verified using

1 n(n+1) 1 1 n(n+1) 1 n(n+1)
g <= _ R
n —\n n+l n(n+1)

1

]

2
where the second inequality is a straightforward check. For example, we can set
8p = 2(e”V"~1 —e~V"). Note that (4) implies that = — g (exp(27iz)) is a strictly

IN

decreasing function since it is strictly decreasing on each interval (n%_l, %]
0
\_g
N
—0.5 | N

g (exp(2miz))

. \

|
0 0.2 0.4 0.6 0.8 1

Figure 1: Qualitative picture of the graph of g. The slope

of the (% — m)n(n+1)—segments is strongly exaggerated.

4.1 \Verification of the properties of T

Note that for A € R, the operator T'+ A - id;2(z) corresponds to g + A -1, where 1 is
the “constant 1” function on S*.

Proposition 3. For each A € R the operator T + A - id;2(z) is a weak isomorphism.
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Proof. As T is self-adjoint, the claim is equivalent to the claim that 7"+ X - id;2(z)
is injective, i.e. for A € R the zero locus of g + A - 1 is a null set in S'. Since
x +— g (exp(2mix)) is strictly decreasing, g + A - 1 can have at most one zero. O

Proposition 4. For each A € R the operator T'+ X - id;2(z) is of determinant class.

Proof. To simplify notation, set vy (z) := g (exp(2rwiz)) + A for = € (0, 1].
Case A = 0: We use equation (5).

|~

Indet(T) = /ln(|g(z)|) X{ues! | g(u)z0} dvol, = Z / In [yx(z)| dx

1 neN 7
S ntl

Z/ln

neN 7
%(mtl) \/ﬁ)%\/ﬁ(nl—i—l)
> —00.

Case A = e V™~ m € N: Again, we use equation (5).

3=

Indet (T + Ay, - idj2(z)) = Z / In |yx(z)| do

neN 9

™m 1

> / In |y (2)] d:c+/1nmin{5m,5m_1}dsc

0

1 m(m+1)
In (m — Qj) dz + In min{5m7 Jm—l}

) — 14 In (min{d,,, 6m_1})

(m (m+1
> —00. (8)
Case A\ = e V-1 4 (% - ﬁ)m(m+1), m € N: The point (erl’O) is a limit

point of the graph of vy. We have |y\(z)| > d,, for all z € (m}rz? m}H] Note
+

that 7A|( SN is a polynomial whose derivative has a right limit for z — — +1

which is strlctly greater than zero. If d,,, is that limit, we can find ¢ > 0 such that
d’fﬂ

[va(z)| > % \m—m+1|for all z € [mJrl ,mlﬂ g]. On (0, 1]\[m+1 5,—m11+5],
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~x is bounded away from zero by some bound § > 0. We can estimate using (5):

Indet (T-i-/\ldlz(z)) = Z / In |’}/)\(.’L‘)‘ dx

neN
n+1

T Te 1
1 1
> In|=d, |z — dz+ [ Inéddzx
2 m+1
1. 0
m+1

o (m <;dm) +ln(e) - 1) +ns

> —00.

(m+1)

Casee_"m_l<A<e‘vm—1+<%—m#+l) , m € N: The graph of 7,

cuts the z-axis at some zg € (#ﬂ’ %) We can proceed as in the previous case.
For other A € R: The function +, is bounded away from 0 so the case is trivial.

d

Proposition 5. There is a sequence (Ay,),,cn C (0,1] converging to zero such that
det (T + Ay - 1di2(2)) < sy~ S0 limnsoo det (T + Ay - idiz(z)) = 0 # det (7).

Proof. Set \,, := e~ V™~! Similarly as in the previous proof, use (5):

-

Indet (T + A - idlz(Z)) = Z / ln’g(exp(%rix)) + /\m‘ dx
neN

n+1

<

S~

ln‘g(exp(Zwim)) + )\m’ dz (9)

o

m—+

“n <m(m1+1)) 1 (10)

In line (9) we used that the summands in the previous line are non-positive. In
line (10) we used the estimate (8). O
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On a binary recurrent sequence of polynomials

Reinhardt Fuler, Luis H. Gallardo, Florian Luca

Abstract. In this paper, we study the properties of the sequence of polyno-
mials given by go = 0, g1 = 1, gnt+1 = gn+Agn—1 for n > 1, where A € F,[t]
is non-constant and the characteristic of F; is 2. This complements some
results from [2].

1 Introduction

Let F, be the finite field with ¢ = 2* elements for some k > 1. Given A € F,[t]
non constant define {g,, }n>0 by go =0, g1 =1 and

In+2 = gn+1 + Ag, for n>0. (1)

This sequence was studied in [2]. In this paper, we correct an oversight from [2],
answer an open question about this sequence asked there and prove a few more
properties of this sequence.

In [2], it was shown that g, = 0 holds infinitely often. Here, we correct this
statement and show that in fact g, = 1 holds infinitely often and g, = 0 for n =0
only. At the end of [2] it was asked whether the sequence {g,, },>0 is periodic. Here,
we show that this is not the case by proving in fact that limsup,,_, . deg(g,) = oc.
We also find explicit formulas for g, when n = 2™, 2™ —1, 2™ +1 for some m > 0.
We also find more properties of the polynomials {g, }n>0. For example, it is easy to
show by induction that the degree of g,, is at most n—1 and that g,, is a polynomial
in A with coefficients in {0,1}. We let £(g,,) be the length of g,, as a polynomial in
F,[A], namely the sum of its coefficients and compute this number. We find that
4(gn) = ay, where {a,}n>0 is the Stern-Brocot sequence given by ag =0, a1 =1
and

Aon = Qp, and Aon41 = Apy1 + an for all n>0.

We also compute how many of the a,, monomials in g, have odd degree in A. Let
b, be this number. We find that b, = 0 and b, 1 = a,, for all n > 0.

2010 MSC: 11T55, 11T06, 11B39
Key words: sequences of binary polynomials, Stern-Brocot sequence, perfect fields of charac-
teristic 2
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All these results are summarized in the theorem below.
Theorem 1. The following holds:
(i) gam =1 for allm >0,
(i) gomi1 =1+ A+ A2+ + A2 forallm>1,
(iii) gom_1 =14+ A+ A3+ + A" "1 forallm>1,
(iv) £(gn) = an,
(v) b2 =0,
(vi) bapt1 = a, for allm > 0.

2  The proof of Theorem 1

We first prove a lemma.
Lemma 1. For alln > 0:
(i) g2n+a = Gont2 + A%gan,
(ii) gan = g3 -

Proof. For (i), we write using (1) (with n replaced by 2n and by 2n + 2) and the
fact that the characteristic of F, is 2:

G2n+1 = Gon+2 + Agon and 92n+3 = Gon+ta + Agonto . (2)

Inserting the above relations into (1) with n replaced by 2n + 1, we get

Gon+a + AGant2 = Goan+3 = Jon+2 + Agont1 = Gont2 + A(gant2 + Agan) ,

or
9on+4 = gon+2 + A292n

as desired. For (ii), we use induction on n. The cases n = 0, 1 are clear. Assuming
that n > 2 and that (ii) holds for all m < n, we have, by (i),

Gont2 = Gon + DPgan_2 = g2 + A%g0_ = (gn + Agn—1)* = 9721+1 ;
which completes the induction and the proof of (ii). O

We are now ready to prove Theorem 1. We first prove (i)—(iii) by induction
on m > 0. The cases m = 0,1 can be verified by hand. Assume that m > 2 and
(i)—(iii) hold for all n < m. Then, by Lemma 1 (ii) and the induction hypothesis,
we have

gom = (gom-1)? =12 = 1.
Further,
1= gom = gam_1 + Agam 5 = gam 1 + A(gam-—1_1)%,
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SO
gom_1 =1+ Aggmq,l
— T+ AQ+A+A 4 AT
—14+A+Ad 4 AT
Finally,

gom 41 = gom + Aggm_l
14+ AL +A+A + + A2

om— 1

=1+A+A*+. AT
For (iv), we check that the statement is true for n = 0,1. Since

9on = g
we have as, = £(g2,) = £(92) = l(gn) = a,. Since

9on+1 = Gant2 + Agon = 9721+1 + Ag2 (3)

and every monomial appearing in either g2, or g2 appears with even degree, we
have that

Ugant1) = Lgh 1) + £(g2) = Ugnt1) + (gn) = any1 + an,

which is what we wanted.
We now prove (v) and (vi). By (ii) of Lemma 1, we have that

Gon = g2

is a polynomial in A whose monomials have even degree. Hence, by, = 0. For the
odd n, note that b, = £(g.,), where g/, denotes the derivative of g,, as a polynomial
in A. Taking the derivative in relation (1) and using the fact that the characteristic
of I, is 2, we get

In = Grio T Gns1 + Agy, .

Inserting the above relation with n replaced by n + 1 and n + 2 in (1), we get

Inia T Inis T AGnio = gni2 = gn1 + Agn
= Gniz+ 2+ A0 01+ AGnia + 9ni1 +Ag)

which leads to

Insa = Gnga + A%,
Since go =0, g1 =1, g2 =1, g3 =1+ A, we have that g; = 0 and g5 = 1. Thus,
we get that g5, = gn(A?), where g,(A?) is the same sequence of polynomials
{gn}n>0 but with A replaced by A2. Now (vi) follows from (iv).
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A simpler argument for (vi) suggested by the referee goes as follows: since

9211 = Gont2 = Gon+1 + Agan = Gony1 + Ag,
taking derivatives yields
0= (gns1) = Gons1 + 9n + A92) = Gonsa +9n
and therefore g3, . = g2,. Hence,

bopt1 = g(gén—i-l) = l(g2n) = azn = an .

Of course, the even case can be treated similarly:

ban = U(g3s) = ((g7)") = £(0) = 0.

Remark 1. Another approach to (iv)—(vi) of Theorem 1 due to the referee is as
follows. First let us define the sequence {g;, }n>0 of polynomials in Z[A] given by
the same recurrence

In+2 = gn+1 + Agn
with go = 0, g1 = 1. Then we have the following representation of the general

term g,.

Lemma 2. We have for n > 0,

[n/2] n—k
In+1 = Z ( k >Ak~ (4)

k=0

Proof. For n =0,1, we have g = 1, go = 1 + A which are consistent with what is
shown at (4) when n = 0,1. Assuming now that n > 1 and that (4) holds both for
n and for n replaced by n — 1, then

In+2 = Gn+1 + Agn (5)
[n/2] [(n—1)/2]
_ n—k\ & n—1—-k\
(s
k=0 k=0

_ (g> ﬁ:ﬁ ((n;k)+ ((n—lli—gki—l))>Ak

L(n—1)/2)+1
n—1—(k—=1)\
+ > ( 1 )A

k=|n/2]+1

2k [=/2041
_ k k
_1+»§:( N )A + > (k—l)A' (6)

k=|n/2|+1
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In the above formula we used the fact that

S R G S B G B () R |
)

-0

The left-most term 1 in (5) equals ( the last term is 0 when n is even

because then [n/2] = [(n—1)/2|+1 = n—|— 1)/2], while in case When n=2m+1

is odd, then the last term is the monomial in kK = m 4+ 1 = |(n + 1)/2] with
2m — 1-k
coefficient ( mm m) =1= (n + i ) This completes the induction. O

By Lemma 2, we have, in characteristic 2,

/2
Gn+1 = Z K & )mod 2} AF. (7

k=0

~—

Hence,

/2 g
Ugn+1) = Z [( I )mod 2] = apy1,

k=0

which is (iv) for all n > 1 (the fact that ¢(go) = ag = 0 is clear). The last equality
is Theorem 4.1 in [4] (see also sequence A002487 in [5]). Letting

[n/2] n—k
bpt1 = Z [( i >m0d2],

k=0
k odd

even

odd
theorem on binomial coefficients modulo p for the prime p = 2), we get

b= 3 [(P757Y) an] -0

k=0
k odd

we have, since ( ) = even (which can be easily checked by invoking Lucas’

2
which is (v). Further, because (27;) = <Z) mod 2 (again by Lucas’s theorem),

we have
- 2n — 2k - n—k
a2n+1_b2n+1zz|:< ok ) mon} :Z{< I ) m0d2]
k=0 k=0
= On+1 5

from where we get that bap 1 = a2n41 — Gnt1 = ap, which is (vi).
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3 Comments and Open questions

First of all, observe that our results hold more generally for the finite field F,, with
q even, replaced by any infinite field of characteristic 2, since we have not used the
property h? = h for the elements h of our field. There are many questions one can
ask about the sequence {g;, },>0. For example, what can we say about the number
of irreducible factors of g, as a polynomial in A? Is it true that all roots of go,11
are simple? We leave such questions to the reader. As for the degree of g,,, writing
n = 2%b, where b is odd, gives deg(g,) = 2%(b — 1)/2. One may recognize this last
quantity as n x (n — 1)/2, where for nonnegative integers m and n, the quantity
m * n _denotes the nonnegative integer whose binary representation is the bitwise
AND operation of the binary representations of m and n. Indeed, since go, = g2,
we get that g, = goap = gga, so it suffices to show that if m is odd, then g,, has
degree (m — 1)/2. But this follows by replacing n by m — 1 in (7):

(m—1)/2

gm= [(m_kl_k> mod 2] AF,

k=0

and noting that the last term of the above sum corresponding to k = (m — 1)/2
has coefficient ((m B 1)/2> =1.
(m—1)/2
The above questions may be asked in the more general context of the field F[A].
A restriction to perfect fields of characteristic 2 may be useful since then we have
for all polynomials C' € F[t] the simple relation

C=A*+1tB?

for some polynomials A, B € F[t]. By construction, the elements of our sequence
with odd subscripts satisfy a relation of this type (see (3) in the proof of (iv)).

Observe also that this sequence can be easily dealt with over fields of charac-
teristic p > 2 by the Binet formulae. However, in our case p = 2 and F finite, we
were not able to use these formulae to describe our sequence since we do not know
explicitly the solutions of the quadratic equation

2+r+A=0

in the ring F,[t]. This motivates our new approach to study the sequence in the
present paper.

Moreover, the reader may try to check which of the properties in [3], that hold
for the classical case in which the coefficients are integers, are still true in our
characteristic 2 case by using the tools of [1].
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Symmetries and currents in nonholonomic mechanics

Michal Cech, Jana Musilova

Abstract. In this paper we derive general equations for constraint Noether-
-type symmetries of a first order non-holonomic mechanical system and
the corresponding currents, i.e. functions constant along trajectories of the
nonholonomic system. The approach is based on a consistent and effective
geometrical theory of nonholonomic constrained systems on fibred mani-
folds and their jet prolongations, first presented and developed by Olga
Rossi. As a representative example of application of the geometrical theory
and the equations of symmetries and conservation laws derived within this
framework we present the Chaplygin sleigh. It is a mechanical system sub-
ject to one linear nonholonomic constraint enforcing the plane motion. We
describe the trajectories of the Chaplygin sleigh and show that the usual
kinetic energy conservation law holds along them, the time translation gen-
erator being the corresponding constraint symmetry and simultaneously
the symmetry of nonholonomic equations of motion. Moreover, the expres-
sions for two other currents are obtained. Remarkably, the corresponding
constraint symmetries are not symmetries of nonholonomic equations of
motion. The physical interpretation of results is emphasized.

1 Introduction

While a wide variety of problems within the mechanics of first order systems with-
out constraints or with holonomic constraints is solved, mechanics of nonholo-
nomic systems is still studied relatively intensively by various authors using var-
ious approaches. Bibliography concerning nonholonomic constraints is very rich,
see e.g. famous books by Neimark and Fufaev [26], Bloch and coworkers [2], Cortés
Monforte [7], and Bullo [3], and others, or many papers as e.g. [9], [23], [24], [29],
[34], [35], [39], [40], or recently e.g. [28] (for nonlinear constraints), to mention just
a few. Most of the above cited works are concerned with linear or affine nonholo-
nomic constraints, relevant a.e. for technical applications. A geometrical theory of

2010 MSC: 49505, 58E30

Key words: nonholonomic mechanical systems, nonholonomic constraint submanifold, canon-
ical distribution, reduced equations of motion, symmetries of nonholonomic systems, conservation
laws, Chaplygin sleigh
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nonholonomic systems on fibred manifolds and their jet prolongations was proposed
by Olga Rossi (Krupkova) in [14] and elaborated in her later works among which
we can emphasize e.g. [15], [16], [19]. This theory differs from other approaches
by the idea that a nonholonomic constraint is a fibred submanifold of the first
jet prolongation of the underlying fibred manifold. The nonholonomic mechanical
system is considered as a dynamical system on this constraint submanifold which
is its true phase space. The equations of motion called the reduced equations are
equivalent with the well known Chetaev equations [6] based on the standardly used
d’Alembert’s principle. In this sense the geometrical model is a generalization of
the d’Alembert’s principle to nonlinear as well as higher order constraints. A de-
tailed explanation of the theory based on the nonholonomic variational principle
can be found in [19].

The geometrical theory is an effective tool for solving a wide variety of problems
connected with nonholonomic systems. One of them is the nonholonomic inverse
problem, see e.g. [22] and [30]. The relevance and applicability of the theory was
verified on examples (see [37]) and practical situations (see [8], [10], [11], [12], [13]),
including the experimental verification in [12] and [13]. An interesting realistic
case of a nonlinear constraint is represented by the mechanical system consisting
of a mass particle in the special relativity theory. This problem is solved in [21]
and [31]. Explicit results of this kind should be compared with usually applied an-
alytic and geometric techniques which provide mostly only conclusions concerning
equilibria.

Some questions concerning nonholonomic systems are still not satisfactorily
understood. One of them is the problem of nonholonomic symmetries and con-
servation laws. On the other hand, a proper understanding of symmetries and
conservation laws is a key question in mechanics including nonholonomic systems
in particular. Here we emphasize a new concept of nonholonomic symmetry of
a Lagrangian system and generalization of Noether theorem formulated by Olga
Rossi [18] within the framework of her geometrical theory. An interesting example
of the projectile motion controlled by the constant speed constraint was discussed
and completely solved in [38].

In the present paper we derive general equations of constraint Noether-type
symmetries for a Lagrangian first order mechanical system subjected to a quite
general nonholonomic constraint and the expressions for corresponding currents,
i.e. quantities conserved along trajectories. It should be emphasized that the con-
straint symmetries of a Lagrangian in the generalized Noether theorem need not
be symmetries of the constraint equations of motion. So they play similar role as
“pseudosymmetries” in nonconservative mechanics (see [4], [33], [36]). More gen-
erally, in [36] the solution of the problem of symmetries is based on the idea of
generating first integrals through so called adjoint symmetries (a dual concept of
pseudosymmetries). We focus to Noether-type symmetries defined as vector fields
leaving invariant (up to a constraint form) the constraint Lepage equivalent of a
Lagrangian. We illustrate the results on an example interesting from the physical
point of view: the Chaplygin sleigh. It appears that the solution of the problem
is technically not so simple. We present the solutions of reduced equations of the
sleigh including graphical outputs, as well as conservation laws and corresponding
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symmetries. Moreover, we find the (non-variational) Chetaev constraint forces ex-
plicitly and emphasize the physical interpretation of the results. A brief overview
(following the page restriction requirements) has been submitted for publication in
the proceedings of the VIII-th International Conference Differential Geometry and
Dynamical Systems (DGDS) 2014 where the results were reported, see [5].

2 Elements of the geometrical theory of nonholonomic
mechanics

In this section we summarize elements of the geometrical theory of first order
nonholonomic mechanical systems arising from initially Lagrangian unconstrained
ones.

2.1 Underlying structures and notations

The geometrical theory of nonholonomic mechanical systems is developed on an
(m 4+ 1)-dimensional underlying fibred manifold (Y, 7, X) with the total space Y,
the one-dimensional base X and the projection (surjective submersion) w. The
dimension of fibres m represents the number of degrees of freedom of an un-
constrained system. We use the standard notation for jet prolongations of this
manifold, (J'Y, 7., X), r =0,1,2,Y = J°Y, 7 = 7y and for fibred manifolds
(J'Y, 75, J°Y), s =0, 1. We denote as (V, ) afibred chart on Y, where V' C Y is
an open set, ¥ = (¢, ¢°), 1 < o <m. Then (U, ¢), U = x(V), ¢ = (1), is the associ-
ated chart on X» and (Vry 1/}7")7 ‘/r = 71'7"_73(‘/), 1/)1 = (tv qa" qg)a 1;[}2 = (tv qov qa, ijg)a
are the associated fibred charts on J'Y and .J2Y, respectively. Let U C X be an
open set. A section §: U 3t — §(t) € J'Y, r =1, 2, is called holonomic if there
exists a section v: U 3t — ~(t) € Y such that § = J"y.

We also use the standard concept of a vector field on Y and its prolongations
connected with the fibred structure. The standard concept of differential forms
is used as well. A vector field £ on J"Y is called 7,.-projectable if there exists a
vector field £y on X such that Tnw. £ = &y om,.. A vector field £ is called m.-vertical
if Tm.§& = 0. A vector field £ on J"Y is called 7, s-projectable if there exists a
vector field ( on J°Y such that T'r, & = (om, . A vector field on J"Y is called
mys-vertical if T'm. ;& = 0. The chart expressions of the above mentioned vector
fields are (for r =0, 1,2,s=0, 1, s <)

0] : 0
£=¢") 5 +j§:josz;-><t,q%...,q:) el

J

with ¢9 = 0 for a m,-vertical vector field, and

0 - 0 . 0
0 v v o v v o v v
= t — (T (T —
§=8(tq", ’qs)aﬁE &7 (t,q%, 7qs)8qq+‘§ Gta" ) 52
7=0 J j=s+1 J
with € = 0 and £ = 0, j = 0, ..., s, for a 7, -vertical vector field. In the

preceding expressions we denoted ¢ = ¢f, ¢° =¢7, ¢° = ¢3.
A differential g-form 7 on J"Y is called m,-horizontal if i¢n = 0 for every
my-vertical vector field £ on J"Y. A g-form 5 on J"Y is called 7, ;-horizontal if
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i¢n = 0 for every m, s-vertical vector field £ on J"Y. m.-horizontal 1-forms have a
chart expression

n= no(t7q07"'7qg)dt'
Every m-projectable vector field £ = §O(t)% +£(t, q¥) 6‘2', on Y can be prolonged
onJY, r=1, 2,

9
0q°

cFo 9 2¢ Og o’i ~ai Fo
R R o Rt

0

0
1e _ 0 o
Je =0 +¢ el

where €7 = % — cj”%, and é" = df—: — d”%- A g-form n on J"Y is called
contact if J"vy*n = 0 for every section v of 7. Contact forms on J"Y form a differ-
ential ideal Z¢ called the contact ideal. For expressing differential forms in coordi-
nates we use the basis of 1-forms adapted to the contact structure, (¢, w?, dg7)
and (¢, w’, w7, d§°) on J'Y and J?Y, respectively, where w’ = dq° — ¢° dt,
w? = dg° — §° dt. There exists a unique decomposition of a g-form 1 on J"Y
into its (¢ — 1)-contact and g-contact component m}  ,.n = py—11m + pgn. The
chart expression of p,_17 in the basis adapted to the contact structure is a linear
combination of terms with just (¢ — 1) factors of the type w? or w? and the chart
expression of p,n is a linear combination of terms with just ¢ such factors. (The
only contact form on Y is the trivial (zero) one.) Notice that jet prolongations of
m-projectable vector fields are closely related to the contact ideal being its symme-
tries: 0jrew € Ic for every w € Z¢. Here Oy-¢ denotes the Lie derivative along a
vector field J"¢&.

A distribution on J"Y is a mapping D: J"Y >z — D(z) C T,J"Y, where
D(x) is a vector subspace of T,,J"Y. A distribution is generated by local vector
fields £, on J"Y, ¢t € Z, where 7 is a set of indices. Equivalently, the distribution D
can be annihilated by 1-forms 7 on J"Y such that i¢n = 0 for every vector field {
belonging to the distribution D.

2.2 Unconstrained systems

The geometrical theory of nonholonomic systems, as introduced in [14], is uni-
versal in the following sense: It concerns all types of nonholonomic mechanical
systems given by equations of motion of the initial unconstrained system and the
nonholonomic constraint, independently whether the equations of motion of the
initial system are variational (Lagrangian) or not. In this paper we concentrate
on the first of both situations because the concept of nonholonomic symmetries is
formulated for constrained Lagrangians, not for equations.

Let A be a first order Lagrangian, i.e. a horizontal form on J'Y, A = L(t,¢%, ) dt.
The pair (7, A) represents a Lagrange structure. The first order Lagrangean me-
chanics studies a.e. extremals of the Lagrange structure, i.e. sections vy of 7 repre-
senting critical sections  of the variational integral (action function)

Sq: I'(m) v — Salv] :/Jlﬁy*k
Q

where I'(7) is a set of all sections of the projection 7 defined on open subsets of
the base X, and 2 is a compact set included in the domain of . Critical sections
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of S are zero points of the variational derivative of S, i.e. integral

= /Jl’}/*aJlg)\,
u=0 Q

where ¢ is a m-projectable vector field called the variation and {v,}, u € (—¢, ¢€),
is a one-parameter system of sections generated by £ such that vy = v, i.e. v, =
¢yo0yo qbaul, where (¢u, ¢oq) is the one-parameter group of the vector field £. The
variational derivative of the variational integral leads to the first variation formula

dSTya)
du

/Jl'y*aﬂgx\:/Jl'y*ipgd%\+/J1’y*z']159,\, (1)
Q Q o0

where 0y = Ldt+ 5) qLd w? is the Lepage equivalent of the Lagrangian (the Poincaré-
-Cartan form). The condition for an extremal leads to Euler-Lagrange equations—
equations of motion of the system. The coordinate free expression of these equa-

tions reads J'y* i1 dfy = 0 or J?y*E) = 0, where in coordinates

9L d IL

Ey=E,0® Adt, E,——&—_S29% P
A “ 0q°  dt 0¢° 2)

or equivalently
EGOJQ’Y = (AU+BO'Vq.V) OJ2’V:O7

4 _ 0L oL __PL 3)
7 0¢°  dtog’ 7 0¢70q
Here
d’ d .0 g .0

— a —
a4 3740_&—’—(137(1‘"
A m-projectable vector field £ on Y is called a symmetry of the Lagrange structure
(m, A) if it holds 0j1¢A = 0. This condition is the Noether equation. For a given
Lagrangian it is interpreted as a set of equations for symmetries, for a given vector
field £ it represents a functional equation for Lagrangians having the symmetry &.
(For our purposes the first of both interpretations will be relevant.) The chart
expression of the Noether equation is

oL , OL oL (d¢o . ded dgo

S0 ey (S ) L =0, 4
ot o G ( @ a ) TR )
Taking into account the first variation formula we can see that if £ is a symmetry
of the Lagrange structure then the quantity

. oL oL
ZJ1§9>\=<L—q aq(7>€0+aqa (5)

(called the current) is constant along extremals. This result representing conser-
vation laws is well known as the Emmy Noether theorem.
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2.3 Nonholonomic dynamics

Suppose that an unconstrained first order Lagrangian mechanical system is sub-
jected to a nonholonomic constraint given by k equations, 1 <k <m — 1,

ft,q°,¢°)=0, 1<a<k, where rank<gf>k,
qa'

or in a normal form
Q"M =gt ¢%, ¢, 1<I<m—k.

These equations define a constraint submanifold Q) C J'Y of codimension k fibred
over Y (and, of course, over X as well). The corresponding projections 7; o and
71 are the mappings 7, and 7 restricted to (), respectively. Denote

Q3 (g%, dY) — (t,q%, ¢, gt ¢, ¢°)) € J'Y

the canonical embedding of @) into J Y. On the submanifold @ there arise the
induced contact ideal T generated by forms w? = 1*w? and the canonical distri-
bution

a

gf]l ot (6)
The 71-projectable vector fields belonging to the canonical distribution are called
Chetaev vector fields. They represent admissible variations in the nonholonomic
variational principle (first introduced in [19]). Let us briefly recall this principle
and its consequences. Let (m, A\) be an unconstrained Lagrangian structure and )
the corresponding Poincaré-Cartan form. By the constraint system on ) defined
by A we mean the differential form :*@y. Denote A\ = t*\ = (Lo¢) dt and 05 = 0,- .
Calculating ¢*0y we obtain

C = {span¢p?|1 <a <k}, O = FmTRte

- OL _ _
L*e)\ = Ldt+ W@l + La(pa =0, + Lagoa7
q

oL

L=Lou, LGZWO

L.
Let § be a section of the projection 71 : Q — X defined on an open subset U C X
containing a compact set Q2 C X. Let Z € C be a 71-projectable vector field and
let (¢u, Pou) its one-parameter group and {5,} = {¢n 0§ 0 #5.' }, 6 = J, the one-
parameter family of sections generated by Z. The constraint variational integral
and its variational derivative are

Sold] = /m*eA,

Q

ds[s.]
du

:/5*82L*9)\.
u=0 Q

If we restrict to holonomic sections we obtain the variational derivative of the
variational integral in the form

dS[va]
du

= /Jl’y*azb*a)\ .

-0
“ Q
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Nonholonomic first variation formula reads (taking into account that iz (L%®) = 0,
because Z € C)

/le* D770 = /Jl'y*iz dL*@,\—i—/le*iZQ”,\. (7)
Q Q o

By a direct calculation we can justify that the integrand in the first integral on the
right-hand side of (7) depends only on components of Z on Y. The requirement of
vanishing of this integral (for arbitrary 2) leads to equations of motion

Ttz dii0y =0 = (e4(L) — Laes(g9*)) 0 J*y =0, (8)
for 1 < s < m — k. In the expressions of the type
acf dC af ol
s = - 37 ) h = tv U? )
()= Gox ~ qiages “here [=J(t.a7,d)

the constraint derivative operators are used

0. 0 dg® 0

aqs - aqs aqs aqukJra ’
7+,7+ai+laid’ g 0
at "ot g T ggnrre Tigg = g Tl o

Note that these operators have an important geometrical meaning: Vector fields

o, d.  ,0. 9. 0
Te_Te_ e e 2 1<i<m—k
ot at Tagdc o o ==

generate the canonical distribution C. The equations (8) can be written as follows

AS_'—BSTQ.T:O? 1§S§m—l€, (9)
i 0.L dé@ 5 (99" d;O0g° 5 0%L n, 0%g°
T 0¢s  dtogs dq¢5  dt 0¢° T 0¢s0qT T 0¢soqT

or, via functions A, and By, (3),

k
_ aga
As = As + Am— an-o
k
dg dg ag® .,
+a§_:1< s,m— k+a+b§:le k+bm— k+aa ><8t +aq0q >‘|OL

b ag® ag®
BST+Z s, m— k:+aaT+Bm k+araq
a=1

+ § Bm7k+b,m7k+a
a,b=1

o0 007
04° 04"
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The last relations are universal in the following sense: They hold for both types of
equations of motion of an initial unconstrained mechanical system, i.e. variational
as well as non-variational ones.

We obtained m — k reduced equations of a nonholonomic system. These equa-
tions together with k£ equations of the constraint form a complete set of equations of
motion of the system for its trajectories v: t — v(t) = (¢, ¢°v(t)) € Y, 1 <o < m.

2.4 Chetaev equations

In the framework of the geometrical theory of nonholonomic systems the well known
Chetaev equations of motion can be derived. We present them for completeness.
These equations are obtained by introducing the Chetaev constraint force into
equations of motion. Suppose that A, + B,,§” =0, 1 < 0, v < m, are equations
of motion of an unconstrained system. The Chetaev force is defined as the form
¢ = pu® gg: w? Adt. The coefficients u®, 1 < a < k, on J'Y are Lagrange multipliers.
The Chetaev equations read

Ay + Boni — 222 o 12y = 0 (10)
Together with the equations of the constraint f* =0, 1 < a < k, we obtain m + k
equations for trajectories and Lagrange multipliers. Knowing the Lagrange multi-
pliers we can determine the constraint force ¢ which is important for interpretation
of results from the point of view of physics.

3 Nonholonomic constraint symmetries

In this section we present the definition of a (nonholonomic) constraint symmetry
and derive general equations for symmetries of a constrained mechanical system
arising from an initially unconstrained first order Lagrangian structure.

3.1 The concept of constraint symmetries
Let Z be a Chetaev vector field, i.e. Z € C. The chart expression of Z is

0] 3] 0 ~ 0
7 = ZOf Zli Zm—kr-‘ra Zli
6t + 8ql + 8qm—k,+a + 6ql ’
8 a
mek%‘ra — ZOga 4 (ZS _ quo)ai-cg]S . (11)

The condition for components Z™~*+¢ follows from the assumption that Z belongs
to the canonical distribution, i.e. izp® =0 for 1 < a < k. We say that Z is a con-
straint symmetry of the nonholonomic mechanical system arising from a primarily
unconstrained Lagrangean structure (7, A) subjected to nonholonomic constraints
gmkte = ga(t, ¢°, ¢') if the constrained system :*0) on @ defined by \ remains
invariant under transformations given by the one-parameter group of the vector

field Z up to a constraint form. This means that

Oz0"0)\ =iz7d* 0y +digl*0y = Fagﬂa, (12)
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where F, are some functions on (). Relation (12) represents the constraint Noether
equation. From the nonholonomic variation formula (7) we can see that if Z is a
constraint symmetry of a nonholonomic mechanical system and -y is a solution of the
corresponding reduced equations together with constraints, then dJ'y*izt*6y = 0,
i.e. (izt*0))oJ1y = const. This means that the quantities ® = iz.*6, are constant
along solutions. We obtain

) _ _
1 0L 0o, 0L
P = (L q ql> Z" + qu . (13)

The quantities ¢ are called Noether-type currents and the conditions ¢ = const.
are the corresponding conservation laws.

3.2 Equations for constraint symmetries

Using the definition of constraint symmetries and relations (9) we obtain after
some tedious calculations the following set of partial differential equations for
(2(m — k) + 1) components of these symmetries:

d’.L o.L - a.L -
0 c cH I(.a -1 l c~ 1(. a
Z I <8ql Lagi(9 )) ¢|+Z (8(]1 Lagi(g ))

.z° (- oL .\ d.Z' oL
ST (Laqlq>+ n aT;l’O’ (14)
d. /0L 0, (0L _
0| >c Y oL a
z t ( ql) dq° (3qz>q + Lagj(9”)
L (Ze) (298 - O (99"
T \ogt ) \o¢  0gs \ 8¢
s ac 8.Z/ — 85 aga 86 aga
+Z dg° ( qz> + Lg <8ql (8q3> g (8(11))]
82E _ 829(1 acZo _ ai ach 8E
zZ° — L I — =g _ 1
! (3(11&15 “aqlaqS) dq' ( 9" > o g~ (19

d2g° _ 9L 8z% 9L 9zs
75 — ¢ 20 L— s =— = 1
( q )+< aqsq) oi g od 0, (16)

for 1 <1 < m — k. The following expression represents the coefficients F, of the
constraint form F,¢® (we present them for completeness):

. 7 = agb 0 8291) s -5 r70
F,=iydL, + Ly (aqu+aZ + aquﬂaaqs( —§°2°%

L (p 9L\ 9z° 9L oz
aqsq aqm.kara aqs aqulH»a :

For a special but in practical situations frequent case of a semiholonomic constraint
(linear constraint with €](g%) =0, 1 <1 <m —k, 1 < a < k) the equations for
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symmetries take a simplified form

d'L 0.L LOLN d.Z2% oL d.Z
c Z0+ _qli c e —
dt g o¢t ) dt o¢t  dt ’

d (OLN\ o e (OL\ , . .cro
5 (a7) 7+ o (5 @ -2

PL OLO:Z  0.2° (7 JOLY _,
6q'laqs aq-s 3ql 8ql q 8q's -
< s aL) 8z° 9L 8z*
—q oy
q

@ -2+ (L

+Z°

@ T ag g

1 <1, s < m—k. These relations are fully consistent with equations for symmetries
of Poincaré-Cartan form of unconstrained systems, 91,0, = 0, taking into account
that for unconstrained systems ¢ is a m-projectable vector field on Y, ie. £ =
E0t), €7 = €9(t, ¢¥), 1 < 0, v < m, and components €7 are uniquely given by £°
and &Y (see relations in Section 2.1). It is obvious that for a nonholonomic case
the constraint differential operators are used instead of the usual ones.

Using the expressions for currents and for coefficients of reduced equations A
and Bjs given by (9) we obtain a more suitable form of equations (14)—(16):

de - .
515 + A(Z' - ¢z2% =0, (17)
9,o - 04, OL _
Ci_Azo S a /¢ a Zs_-szo —BSZS: 1
AP G G} () Bz =0,
0P - »
% + B (25 —¢°72% =0, (19)

where 1 < I, s < m — k. (The equations are expressed via currents, for clar-
ity. Nevertheless, the constraint derivatives of the current ® depend on symmetry
components and their derivatives. There arises, of course, the problem of solution
of these equations for concrete situations.)

Equations (17)-(19) enable us to obtain symmetries of the mechanical system
via currents: For a regular matrix B denote B = B~!. Multiplying the system of
equations (19) by the matrix B we get

Zl _quO _ _Blsai(.b )
0¢*

Putting the obtained expressions for Z! — ¢'Z° into (13) we can express the com-
ponent Z° explicitly. Putting the result into (17)—(19) we finally obtain explicit
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expressions for the components of symmetries:

1 oL 0
A ls O

G aqs) ’

o
Zl _ -lzo _ nils 2
N 0.P - 0A oL
Z'=B"{ = —ASZ”{ — 2 } 7m— 2% ).
(6(15 0¢s  0¢® (%) alt(r,s)( 7

The problem of computing symmetries simplifies if we know the currents (constants
of motion). This might happen during the process of solving the equations of
motion. It is obvious that for vector fields obtained by such a way the verification
of conditions (14)—(16) should be made. In particular we take advantage of this
simplification in the example presented in Section 4.

3.3 Classification of constraint symmetries

There is a possibility to classify the constraint Noether-type symmetries in the
context of constraint equations of motion. For a regular matrix B the equations of
motion (9) can be written in the explicit form §' = —B!* A, (recall that B = B~!).
The holonomic paths of these equations in @) are integral sections of local vector
field belonging to the canonical distribution C called constraint semispray (see [14])
o .0 0] -, 0 ~ -

r:&+ql@+gaW+Fl@’ I'=-BA,. (21)
The constraint semispray I" spans a distribution Dr of rank one called a constraint
connection. Let Z be a vector field on Q). It is a symmetry of equations of motion
of the corresponding nonholonomic mechanical system if [I", Z] = fT', where [T, Z]
is the Lie bracket of vector fields I' and Z and f = f(t,q%, ¢') is a function on Q.
Let ® be a current, i.e. quantity conserved along trajectories of the nonholonomic
system (not necessarily a Noether-type current). Then I'(®) = 0r® = 0. If Z is a
symmetry of equations of motion then [I', Z](®) = fI'(®) = 0. On the other hand,
[T, Z](®) = Ordz® — 020r® = Or(9z®). This means that 0z is the current as
well.

Let Z be a constraint symmetry of a nonholonomic system. Let us discuss
possible relationship between distributions spanned by vector fields I', Z and [T, Z].
First of all let us answer the question whether and under what conditions a vector
field belonging to the distribution Dr can be a constraint symmetry. Putting
components of the vector field fT', f = f(t,q%,¢') being a function on @Q, into
conditions (14)—(16) we obtain

d.L 0.L oL
cZ 0, == =0, —=0, 1<I<m—k
dt g’ 0dg' m
Because of the relation
d.F 0.F oF oF
dFf = £ dt < by o dgh 4+ ————— o
at g Y T ag Y T ggnEra ¥
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for every function F = F(t,q°,¢') on @ this means that dL € annihC and L is
constant along the distribution Dr. In the following considerations we exclude this
trivial situation.

Another question is whether and under what conditions the Lie bracket [, Z]
belongs to the canonical distribution. For general vector fields &, € C it holds
ife,p® = —dp®(£,¢). As dy” need not belong to the constraint ideal Z¢, it is
evident that [¢, ] need not belong to C. For dy® we obtain from (6)

80 8ga 2 a
9q" \ 9¢° 94" 9¢*
99° b 9 9g* b A oS
T g Y A dt— Dgm—F+o (5qs AN
Calculating the Lie bracket [I', Z] using relations (20) and (21) we obtain after
some technical calculations

ir,z) ¢ = —de"(T', Z) (22)

s o 0P
— 5|0 5

L 0%g* (0.0 0P 0A, 0L,
_|_qp .g.l< cs_ ~UBTU{ - +E;(ga) .Sr} >:|’
9¢rdq' \ 9¢® 94 94 04 J ato(r,s)
where @ is the Noether-type current corresponding to the constraint symmetry Z.

We can see that for a semiholonomic constraint this condition is fulfilled and thus
[[', Z] € C. For a general linear constraint this conditions reduces to

0D
0>

There can be, of course, special cases with a general constraint for which the
condition is fulfilled too. We shall see various situations in the example presented
in Section 4.

Now let us discuss the relation of the Lie bracket [I', Z] with respect to dis-
tributions spanned by vector fields I' and Z. Let ® be again the Noether-type
current corresponding to the constraint symmetry Z (not belonging to Dr). Then
0z® = 0 and thus O 2/® = Ordz® — 9z0r® = 0. This means that the quan-
tity @ is conserved along the vector field [I', Z]. On the other hand, let ¢ be a
vector field belonging to the distribution D, z) spanned by vector fields I' and Z,
ie. ( = al'+bZ, where a = a(t,q%, ¢') and b = b(t, ¢°, ¢') are functions on . Then
() =0:P =0a0r®+b9z® =0 and @ is conserved along the distribution Dr z).
Moreover, because of the relation [I', Z](®) = 0 it is conserved along the distribu-
tion D spanned by vector fields I, Z and [I", Z]. There are three possibilities for
the relation of a symmetry Z to the vector field I':

dp® =—¢l(g*)0° A dt +

)ws/\wr—&— @® A dg"

i,z P" = Bei(g*) (23)

1) Z is a symmetry of equations of motion, i.e. [[', Z] = al', a = a(t, ¢°, ).

2) The Lie bracket of vector fields I" and Z belongs to the distribution spanned
by these vector fields, i.e. [I', Z] = al’ + bZ, where a = a(t,q",¢') and b =
b(t,q°, ') are functions on Q.
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3) There is no specific relation of the symmetry Z to the vector field T

In the cases 1) and 2) the the distribution spanned by vector fields I'; Z and [T, Z]
has the rank two, in the case 3) its rank is three. (Recall that this distribution
need not be a subdistribution of the canonical distribution C, because [I', Z] need
not belong to C.) We shall derive the conditions under which situations 1) take
place. After some tedious technical calculations we obtain components of the vec-
tor field 2 = [I', Z] for a vector field Z belonging to the canonical distribution
(i.e. relations (11) are considered). It holds

0 0 0 0
— —0 =l —m—k+a r—\l
=E=="— — 4= — 4= 24
ot += a l aqukjLa + = aql ’ ( )
VA 079
=0 sT
= == BT A,
a " g’
VA 07!
=l c ST 7l
== +BTA—+Z
dt "0gs R
Emfkki'a — E(Jga 4 (El - qlEO)ag (Zl o quO>€/(ga) o ZOBST‘A q~l 8911
3(11 ! r aqlaqs
_ a4 - 9 _
=l 0 e Ir 0 c ir
= =7"=(-B"A, 7 BT A,
E(-BTA) 4 (27 02" 5 (B A
) .zt ozt ., -
Zs Ber c BS'I”AT )
+ 0¢° (- 2 dt + 0¢*
The requirement [I', Z] = al' (in such a case the constraint symmetry Z is a

symmetry of equations of motion as well) means that there exists a function
a = a(t, ¢°, ¢') on the constraint submanifold @ such that Z° = a, = = ag',
gm-kta — ggo Bl = _BISA, 1 <l,s <m—k 1 <a <k This leads to
conditions

d, d - .
( — BT A, ) (Z'—¢'2° - B"A,Z° - Z' =0, (25)

dt a¢*
AR AN 1Z9B°" A, Py =0, (26
( qZ")e(9") — 4 " 9d0F , (26)
5 - o)
lr 0 s _ 570\ _¥YC palr s Ir
dt(B A7 —(Z qZ)aqs(B A)—i—Za (B'"A,)
1 7l 1 0
fdaf ng (BT A, )+B”BSPATA,,%% =0. (27)

It is evident that the condition (26) is automatically satisfied if the constraint is
semiholonomic. The constraint symmetries (vector fields Z € C which are solutions
of equations (14)—(16)) are simultaneously symmetries of constraint equations of
motion iff they obey the above derived conditions (25)—(27).

4 Example: Chaplygin sleigh
In this section we use the geometrical theory for solving the motion of so called
Chaplygin sleigh. This example is exposed in [26], where the motion of Chaplygin
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sleigh is described in another way without considering the problem of symmetries
and conservations laws. We study this problem using our results obtained in Sec-
tion 3.

4.1 Chaplygin sleigh and its motion

The sleigh consists of a rigid body sliding on the horizontal plane without friction
(see the figure 1). The constraint is imposed by a sharp blade placed at a point A

Figure 1: Chaplygin sleigh.

such that the distance between this point and the center of mass of the body C is
AC = a. The blade prevents the sleigh to move in the direction perpendicular to
the straight line AC. The constraint defining the constraint submanifold @ in the
fibred chart with coordinates (t, ¢, z, y, ¢, &, y), i.e. m = 3, reads

gcosp —ising =0 = y=4dtanep. (28)
The canonical embedding ¢ : Q@ — J'Y has the form
L Q3 (g, w,y, p8) > (L, @y, @ &, dtang) € Y

The canonical distribution is annihilated by the form ¢! obtained by putting the
constraint equation into the general expression (6). We obtain

o' =dy —tanpdz.

The unconstrained Lagrangian is A = L d¢, with

1 1
L= 3 [( — apsing)? + (§ + ap cos )] + §J¢2,

where m and J are the mass and inertia (with respect to the axis perpendicular to
the coordinate plane zy and going through C') of the sleigh, respectively. Constraint
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Lagrangian functions are

= m 2
L =1L — — 2k2'2 29
T (003290+a ) (29)
- oL J
Li=—“~ovr=m(itanp +apcosy), k?®=1+ ——.
oy ma?

Putting this into (9) we obtain the matrices A, B and B = B~!,

A= ( _ magd map?  medsin o ) ’ (30)

cos ’ cos ¢ cos3 ¢

_ —ma?k? 0 -1 0
B = _ ma?k ] ,
( 0 —cos"ﬁg)) . ( 0 —Cofj“a>

and the equations of motion

ma pT

0= —ma’k*p — i = $+—5— =0, (31)
cos ak? cos ¢
0= — n; ¢_mSl;1g0¢5c = i—ap’cosg+ pitanp =0. (32)
cos? @ cos3

Solutions of these equations take the following form:
. Ch
p(t) = k arcsin tanh ﬁ(t —Cy) | +Cs, @o=kp+Cs,
z(t) = ak? /cos (kY + Cs) taney do
y(t) = ak? /sin (kY + Cs) tanyp v,
where C1, Cy and Cj are integration constants. Using the initial conditions ¢(0) =

0, (0) = wo > 0, £(0) = 0 we obtain constants C7 = kwy, Co = 0, C5 = 0 and the
corresponding particular solution

(t) = karcsin tanh %Ot , tant = sinh %Ot ,
z(t) = ak? /cos ki tant do, (33)
y(t) = ak? /sin ki tantp do .

The graphical outputs for some special situations (a = 1, %2 = 1, m = 2, values
k=1,2,3,4) are presented in figures 2-5 for illustration.

Notice that in [26] equivalent equations of motion are obtained for variables u
and v representing components of the sleigh velocity with respect to non-inertial
reference frame connected with the sleigh, and the variable w representing the
angular velocity . The equations of motion are obtained by formulating the
second Newton’s law in the above mentioned non-inertial reference frame. Thus
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asymptote: x = 1
4
y
3.0
2.0
1.0
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X

Figure 2: Chaplygin sleigh motion: k = 1.

asymptote: y =2z«

T LI T 1 1
-120-100 -8.0 -60 -40 -20 00

X

Figure 3: Chaplygin sleigh motion: k = 2.

they contain the “fictive” forces F*. Moreover, the “reaction” force R normal to
the straight line AC and representing the constraint is included. Its magnitude is
considered as an unknown quantity and it is obtained by solving the equations of
motion as well. The solution of these equations of motion is then transformed into
the inertial reference frame. Our solution is the same as the last cited one. Recall
that in [26] the conservation laws are not discussed.



Symmetries and currents in nonholonomic mechanics

asymptote: x =— 15
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Figure 4: Chaplygin sleigh motion: k = 3.
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Figure 5: Chaplygin sleigh motion: k = 4.
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4.2 Constraint symmetries and currents

Putting the expressions (29) for constraint Lagrange functions into equations (17),
(18), (19) we obtain

d/(I) .. ) t
c _ma<p:c<Z¢_¢Zo)+m ap”  prrang (ZI_;.CZO):O7
dt  cosep cosp  cos?p
0 ﬂ”wf“;wzo_m(mj@_ ag )Zuma%%:o,
0y cos? ¢ cos“p  cosyp

ox cos2¢p  cosp
ae _
o0p

0d

55@+m<;ttancp_ ap )Z“’—}—

m

M _Ze_o,

34
cos? ¢ (34)

a’k* (29 —¢Z°) =0,

m

92 M (zv 7% =0,
0t  cos? <p( £Z°)
Expressing the components (Z% — ¢Z°) and (Z* — $Z") from the last two of these

equations, putting them into the first equation and substituting v = Coi 5 we obtain

0 .0 v 0
+vcos<p% —H)smgoa—y —

+ agb2a> ®=0. (35

g + 3 P
at " Yo, ak? B £

So, we have the characteristics ODE’s

dt de dx dy 12 dy dv
—_— = — = = — = —Q _—=—
1 Y  wcosep wsing Vv ap?
Integrating the last equation we obtain
v+ 1a2k2¢2 = const., 1i.e li + 1a2k2<p2 = const
2 2 T 2c082p 0 2 '
This quantity multiplied by the sleigh mass m represents the total mechanical
.2
energy Ey of the sleigh which is the sum of the translational energy E; = %CZ?S”; >

and the rotational energy Er = 3(J + ma?®)(? with respect to the vertical axis
going through the point A. Recall that due to the Steiner theorem .J + ma? is the
inertia of the sleigh with respect to this axis. More precisely, the total mechanical
energy of the sleigh expressed via the components of the velocity of the center od
mass (z¢, yo) is

p="
2

Taking into account that xc = = + acosy, yo = y + asinp and considering the
constraint we can immediately see that £ = E;,. For the particular solution of
equations of motion presented in the previous section we have

1
(68 +9&) + 574*

2E,

ma?

1
Ey = —ma?*k*w?, C) = kwy =

2



Symmetries and currents in nonholonomic mechanics 177

The corresponding conserved current can be obtained using the equations of motion
and the fact that the constrained Lagrange function L does not depend on time
explicitly,

m @2
Dy =—— B
! 2 <0052<p TRy (36)

Putting this expression into equations (20) we can verify that the corresponding
symmetry is Z = %. Taking into account the solution of equations of motion
(section 4.2) we obtain the following expressions for the translational and rotational

energy and the angle ¢ as functions of time (see also figure 6):

t t t
Ep = E, tanhQW?o, Eg = Eycosh™2 “?0 sin% — tanh “’70 . (37)

EE, | poympioterp =/2
) @ [rad]
energy 10
ratio .
) ER/E, o [rads™']
time [s] time [s]

Figure 6: Conservation of energy, damping of rotation.

The graphs show the asymptotic behavior of the sleigh motion: the translational
motion accelerates at the expense of the rotational motion which is asymptotically
damped.

The decomposition of the energy into the term corresponding to translational mo-
tion of the point A and the energy corresponding to the rotation of the sleigh
around the axis going through this point is “induced” by the formulation of the
problem itself (the constraint concerns the motion of the point A). On the other
hand, more correct from the point of view of physics is the energy decomposition
into the translational energy of the center of mass C, Er ¢ = %m(x% +92), and the
rotational energy of the sleigh with respect to the center of mass, Fr ¢ = %J P2,
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energy
ratio

energy
ratio

time [s] time [s]
Figure 7: Energy decomposition with respect to the center of mass.

Considering the solution of equations of motion we obtain

th 1 Eo 1
Ero=1FE[tanh?2 4 — = ) Epo=—20 (1-—). (38
e 0 ( A + k2 cosh? “’;;t) "= osh? L,‘;t ( k2> (38)

Figure 7 shows the behavior of both types of kinetic energy during the time for two
different values k. Relations (37) represent the limit case of (38) for J > ma?, i.e.
k — oo, as expected. Notice that for k = 1 (zero inertia with respect to the center
of mass, or, more exactly, J < ma?) we have F7 o = Fy and Erc = 0. This
result is not in contradiction with the initial conditions. Er ¢ vanishes because of
zero inertia, even though wy # 0. (Figures 6 and 7 are drawn for wy/k = 1 for
simplicity.)

Expressing the quantities Co and C5 (the fact that they are zeros for the chosen
initial conditions does not affect their general meaning of integration constants) we
obtain the following currents

by = w sm( )—l—mak‘g@cos((’o)
cos k k
a2 cos? o 0052 + k2<p + acos r2
@3 = sma*k?In | 2 = maPty | + k22,
/ 252 & a® cos®
a2 cos? ¢ cos2 +k 90 a cos ¢

and in shortened notation with help of energies

1 VEo+VEr
&3 = —ma’k*In atr/2mE
3 ﬁEO — By mio

For the special case of zero inertia J, i.e. k = 1, the current ®5 represents the
y-component of the impulse of the sleigh, pc, = myc = m(&tany + ap cosp).
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(We shall see later that in such a case the component pc, must be conserved as
well.)
The corresponding symmetries are (denoting ¢ = £ as above)

1 0 0 0
Z(®y) = e coszb% + coswsinqb% + Sin(pSinwETy
Zcosy O 1 0
T i cosp g | ak (PSP —dtang) cosyan,
¥ ¢—+k%+
Z(®3) = p ~In ,‘P r
Sot—’—a COS 8
— poose ( aapcosgo—xtanap)a )
by
(12c052 +k2
k? —at 0 / 0
+ 2 Cow ' ( + tan p— +290.),
+ k22 Oy ak?cosp 0p

a? C062
or, in shortened notation via energies

ma2k‘2 In vV EQ + ET r
2Ey vEy—VEr

Z(®3) =

ma? _ itang) 2 0
2Fy agp cos (agpcos p —dtan 0%
(3

[
+ 7;; (ak? cos ¢ — it)

where the vector field I" reads

Ftanpl 420
Ox ‘pay ak? cos p 0

T

F—g ;0 —&—xg—i—xtan o 7—4—(@'2005 — Yz tan )g
(pay ak? cos p O v LR or

ot 8 Ox
which is the vector field representing the equations of motion on the submanifold Q.
Keep in mind that the above presented shortened notation via energies is given only
for better clarity. For eventual further calculations the full expression in coordinates
(t, @, z, y, ¥, ©) on @ must be used, i.e. it is necessary to put
.2

2 .2
ma @ mi
Ey=—|—5—— +k¢* Er=——
0 2 <a2605290+ 90)’ T 2cos?

=16

into corresponding expressions.
The equations (14)—(16) take the form

i Eosin 52
wz@+(2@ 3¢+¢>Zm
acos @ a®cos’y  acosy

1 12 d.zY d.z% T d.z=
_ - k'2 -2 c k2 . Me c =0 39
2 (a2 cos? L > @ TV T cos?p dit , (39)
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I sin ¢ L % 70 4 125
a?cos? ¢ acose

1 2 0,2° VA x oA
— | =+ k%) = k2p= =0 40
2 <a2(:os<p+ v > Op TR Op +a2cosz<p Op » (40)
sing 7% 4 1 Zo
a?cos®  acosp a? cos? ¢
1 ;2 WA 0.2 W

2 \ a? cos? Oz ox a?cos?p Ox

1 2 02° 0Z% T 9Z*
(k22 ) T kY 0, (42
2<a2(3082g0+ <p> 0 + ‘p&p +azcos2cp %) - (42)

1 12 0z° YA T 9z*
— | —=— + E%Q* | T + k¢ =0. 43
2 <a2 cos? ¢ TR ) ox T ox + a?cos? ¢ Ot (43)

Putting the components of vector fields Z(®1), Z(®2) and Z(P3) into equations
(39)—(43) we can verify that they are constraint symmetries. Thus ®1, ®2 and P53
are Noether-type currents. Nevertheless, the physical interpretation of symmetries
Z(®3) and Z(P3) and their currents is not completely clear in a general situation.

The relation for the current ®s is linear in variables velocity and angular veloc-
ity. This enables us to conclude that for a general description of the sleigh motion it
is satisfactory to consider special initial conditions #(0) = 0 and ¢(0) = w(0) # 0.
If v(0) # 0 and ¢ = wp, then v(7) =0 and ¢(7) = Qo # wp at some other time 7.

Calculating [I', Z] for all three obtained symmetries Z(®4), Z(®3) and Z(P3)
we can see that only the symmetry Z(®;) = % is simultaneously the symme-
try of constrained (reduced) equations of motion. Concretely, it is evident that
[, 2] = 0. Moreover, using the condition (23) we can check that it holds

i L=0 ' (L S ST R,
[F7Z1]g0 — Y Z[F’ZQ]QD - ak C082 ) CO8 k cos @ S k ’
:9
‘ 1 a i .
= + k22
. 2s]# $ CoS p \/a2 cos2 ¢ ¥

This means that for the symmetry Z; the vector field [I', Z1] belongs to the canon-
ical distribution unlike the vector fields [, Zs] and [T, Z3].

4.3 Chetaev equations and constraint forces

Finally, let us express Chetaev equations of motion and the constraint forces as
exposed in section 2.4 (equations (10)). Rewriting the constraint as

f(t7<lp7x7y’ ¢7$’Q)Ey_j;tan<p:0
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we obtain the following equations:

0 0
—mak2¢+mi‘sin<p—m;ycos<pzﬁ—f, —sz,
a 0¢ op
0 0
magsin p — mi + map® cos p = uff ; i = —tanp, (44)
oz 0%
. " 2. Of of _
—map cosp —my + ma sing = p-—, =1,
9y 9y
w1 being a Lagrange multiplier. The constraint force is
190f of of
= Z = | = pu(0, -t 1). 45
¢ u(aagb,&.c, 95 ) ~ M0, —tane.1) (45)

It has a clear physical meaning in the reference frame connected with the point
A and rotating with the sleight: Denote 7/ = (0, acos ¢, asinp), J = (¢, 0, 0),
g=1(p,0,0), A’(O, Z, §). (Note that 7/ determines the position of the center of
mass C' of the sleigh with respect to the point A.) Denoting ¢ as F* as it is usual
in physics, we obtain

F* = (mag’b sin p — ma 4+ map? cos p, —mag cos ¢ — mij + map? sin @, 0) ,

—

F* = —m&x 7' —mad x (@ x7') —mA. (46)

This force is the sum of three terms: the Euler force, the centrifugal force and the
translational force. The Coriolis force is missing because the velocity of the center
of mass with respect to the reference system connected with the point A is zero.
Using the constraint to write ¢ = & tan ¢ + L and substituting into (44) we
obtain after some calculations the Lagrange multiplier iz and the constraint force ¢:

%)
cos?

mdJ mdJ

T Tt ma P ¢ 5 (0, g3 tanp, —p). (47)

w= - J+ma
Notice that these forces are not variational in the sense of e.g. [17], [25], [27], [32].
Thus the Chaplygin sleigh cannot be alternatively described as an unconstrained
variational system with an appropriately modified Lagrangian. For k = 1 the
constraint force vanishes. This is consistent with the (non-realistic, of course)
limit case J — 0 in relations (38): The motion of the center of mass is uniform
and straightforward (both components of the impulse of the center of mass are
conserved), while the sleigh rotates around it with the initial angular velocity wq
but with zero energy due to J = 0.
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Super Wilson Loops and Holonomy on Supermanifolds

Josua Groeger

Abstract. The classical Wilson loop is the gauge-invariant trace of the par-
allel transport around a closed path with respect to a connection on a vector
bundle over a smooth manifold. We build a precise mathematical model
of the super Wilson loop, an extension introduced by Mason-Skinner and
Caron-Huot, by endowing the objects occurring with auxiliary Graimann
generators coming from S-points. A key feature of our model is a supergeo-
metric parallel transport, which allows for a natural notion of holonomy on
a supermanifold as a Lie group valued functor. Our main results for that
theory comprise an Ambrose-Singer theorem as well as a natural analogon
of the holonomy principle. Finally, we compare our holonomy functor with
the holonomy supergroup introduced by Galaev in the common situation of
a topological point. It turns out that both theories are different, yet related
in a sense made precise.

1 Introduction

Gluon scattering amplitudes have been known to be dual to Wilson loops along
lightlike polygons [1], [2], [7], [11]. While these quantum expectation values, which
are formally calculated by means of the path integral, remain problematic from a
mathematical point of view, the underlying classical theory has been well under-
stood. In fact, a Wilson line refers to parallel transport with respect to a connection
on a vector bundle along a path in the underlying smooth manifold. In the usual
context of flat spacetime (Minkowski space) with a single global coordinate chart,
the corresponding solution operator can be written in terms of a path-ordered
exponential.

Recently, a similar duality (at weak coupling) between the full superamplitude
of N' = 4 super Yang-Mills theory and two variants of a supersymmetric exten-
sion of the Wilson loop has been claimed. The first approach [21] originates in
momentum twistor space and translates into the integral over a superconnection
in spacetime, while the second [9] attaches to lightlike polygons certain edge and

2010 MSC: 58A50, 53C29, 18F05
Key words: supermanifolds, holonomy, group functor
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vertex operators, whose shape is determined by supersymmetry constraints [15].
Both approaches agree, in the common domain of definition, up to a term depend-
ing on the equations of motion [6] and indeed satisfy the conjectured duality upon
subtracting an anomalous contribution [5].

The first purpose of the present article is to build a supergeometric model of
super Wilson loops that leads to the same characteristic formulas as summarised
in Section 2.2 of [6]. The main idea is to give the objects occurring an inner
structure through auxiliary Grafimann generators coming from S-points. While
the resulting additional degrees of freedom come without physical significance, this
approach is well-justified mathematically and has been performed successfully in
modelling other aspects of superfield theory. Notably, consider “maps with flesh”
as introduced by Hélein in [18] as models for superfields including bosons and
fermions. See also [10], [16], [19] for the same concept under different terminology
and [14] for their differential calculus.

A key feature of our model is the supergeometric parallel transport introduced
in Section 2, which allows for a natural notion of holonomy at an S-point of a
supermanifold as a Lie group valued functor. A different notion of holonomy on
supermanifolds was introduced by Galaev in [12] by taking a suitable generalisa-
tion of the Ambrose-Singer theorem as the definition of a super Lie algebra and
endowing this to a Harish-Chandra pair, thus obtaining a super Lie group for every
topological point of the manifold. Developing a new holonomy theory by means of
our parallel transport, and comparing it to Galaev’s, is the second objective of this
article.

In Section 3, we establish two main results generalising properties of classical
holonomy. The first is an Ambrose-Singer theorem, which describes the holonomy
Lie algebra in terms of curvature, while the second formulates a natural analogon
of the holonomy principle relating parallel sections to holonomy-invariant vectors.

Our Ambrose-Singer theorem facilitates the comparison of our holonomy functor
with Galaev’s theory, which is the subject matter of Section 4. Since this functor is,
in general, not representable, both theories are different in the common situation
of a topological point. Nevertheless, we show that they are related in that the
generators of Galaev’s holonomy algebra can be extracted as certain coefficients by
considering special S-points. This construction is based on the knowledge of the
geometric significance of the elements and, in this sense, is not algebraic.

2 Super Wilson Loops and Parallel Transport

The super Wilson loop described in [6] and [21] is constructed as follows. Consider
n “superpoints” (z;, 6;) in chiral superspace, which are symbolic quantities in that
their exact mathematical type is not important, only their calculation rules such
as

A BB B A
Mok =al o 6 .95 :fgf -0 (1)
These superpoints are connected by “straight lines”

x(t;) = ;i — 61, O(t;) = 6; — tib; i1 (2)
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thus yielding a closed “superpath” v parametrised by one bosonic variable ¢, which
enters the Wilson loop via

W, = tr <X s P exp ( /0 LB dt> [X}) . OBU) =B (3)

where P exp denotes a path-ordered exponential, and B¢ is a connection one-form
in coordinates £&. This connection has a very specific form due to supersymmetry
conditions which, however, is not relevant for our purposes.

As a mathematical model for a more general situation, let M be a supermanifold
of dimension dim M = (dim M)g|(dim M )1 (such as chiral superspace), and let S
be another supermanifold which should be thought of as auxiliary. Throughout, we
employ the definitions of Berezin-Kostant-Leites [20]. A supermanifold M is thus,
in particular, a ringed space M = (My, Opr), and a morphism ¢: M — N consists
of two parts ¢ = (o, ") with ¢g: My — Ny a smooth map and ¢! a generalised
pullback of superfunctions f € Oy. Modern monographs on the general theory of
supermanifolds include [8] and [27].

Definition 1. An S-point of M is a morphism = = (x¢,2%): S — M. A (smooth)
S-path ~ connecting S-points z and y is a morphism

v=(10,7"): 8 x[0,1] = M such that evlimoy =2t ev]miyt =9

which we shall denote, by a slight abuse of notation, by v: x — y. It is called
closed (or an S-loop) if x = y.

In the following, we will exclusively consider superpoints

S:RO‘L:<{O},/\RL>7 ARF =@y, LeN. (4

Although most of our results should continue to hold accordingly for general S,
this restriction will turn out to suffice for reproducing the characteristic formulas
of super Wilson loops as well as allowing for a powerful holonomy theory. This
significance of superpoints does not come unexpected. According to [25], an inner
Hom object Hom(M, N) in the category of supermanifolds is determined by its
A\ RE-points

Hom(M, N) ( A ]RL) ~ Homgpan (IR{O‘L % M, N)

in the sense of Molotkov-Sachse theory [22], [24]. The morphisms on the right are
the aforementioned “maps with flesh” [18].

Definition 2. Let z,y,z: S — M be S-points and v: z — y and d: y — z be
S-paths. For fixed ¢y € [0, 1], we prescribe

eV|t:2to’Yji to < 1/27
ev|t:2(t07%)6u to >1/2.
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This defines an S-point which coincides with z,y,z for tg = 0, %, 1, respectively.
Similarly, we define

eV|t:to (’Yﬁl)ti = ev‘t:(l—to)’Yﬁ .

Considering all ¢ty € [0,1] at a time, the previous definition yields S-paths
dxvy:x — zand v~ !: y — x, referred to as the concatenation of v and § and the
inverse of v, respectively. The concatenation is, however, only piecewise smooth in
the sense of the following definition.

Definition 3. Let x,y be S-points. A piecewise smooth S-path ~v: x — y connect-
ing x with y is a tuple (v, : S x [t;,t;41] = M)é-:0 withtg =0,t; =1land t; < tj41
such that ev\t:tj+1’y§ = ev|t:t_7.+1'y§+1 and ev\tzoyg = 2% and eV|,5:1’ylti = g% and
such that Vj‘Sx[tj,th] is a morphism.

The concatenation (§ ) and inverse 4~ ! of piecewise smooth paths § and -y
are defined analogously. The construction is such that the underlying path (6 x~)o

is the classical concatenation of dy and g, and (7~ 1)g = (7o) L.

Example 1. Comparing with the objects in [6], we state the following diction-
nary. Let (z*,0%4) denote (global) coordinates on M = R™™ (using space-
time indices p rather than spinor indices da)). Then a superpoint is an S-point
€= (£,€h: S — M, identified with (£f(x#), £8(624)) € (O5)™™. The latter tuple
is then abbreviated (z,6) = (z*,0*4), for which (1) is satisfied. The straight line
connecting superpoints (x;, ;) and (z;41,6;+1) is the S-path & ;11: S x[0,1] = M
defined as follows.

(gg,i+1 (z"), ff,i+1 (90“4))
= (€@ — t(gha) - €0 (@), €0 — (el ™) — gk (6°))
€ (OSX [0,1] )nlm

In this sense, we can understand (2). The last line is &, ¢. Concatenation thus
yields a loop.

2.1 Super Vector Bundles and Connections

A super vector bundle £ over a supermanifold M is a sheaf of locally free Oy, super-
modules on M. We shall denote its even and odd parts by & and &7, respectively.
An important example is the super tangent bundle SM := Der(O)y), which is the
sheaf of Oys-superderivations. £(U) is, for U C M, sufficiently small, by definition
isomorphic to O (U)™€ with rk & = (rk £)5|(rk €)1 the rank of £. Let (T7)}%§ be
an adapted local basis such that X € £(U) is identified with the tuple (X7)I%§ of
functions X7 € Oy;(U) with respect to right coefficients X = T7 - X7 (sum con-
vention). In general, it is preferable to consider right coordinates on supermodules
over supercommutative superalgebras, for then superlinear maps can be identified
with matrices. For example, the matrix of the differential dp[X] := X o of for
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X = ¢r - X¥ € SM of amap p: M — N with respect to coordinates (¢7) and (¢7)
is given by

. ¢ Dyt 0 B¢ 0 7
dot, = (—1)€ I e |<gf(lf) sth. dg[X] =3 (wﬂ 0 80) Ldih, - X

(5)

Lemma 1 (Chain Rule). Let ¢: M — N and ¢p: N — P be morphisms. Then
d( o 9)[X] = (w” ofo (;) () - di'y, - X"
with (7!) coordinates on P and indices k, i referring to (unlabelled) coordinates
on M and N, respectively.
Proof. This is proved by a straightforward calculation in local coordinates. O
Definition 4. For a super vector bundle £, and S as in (4), we define
Es =€ @0,y Osxm -
An S-connection on M is an even R-linear sheaf morphism
V:€s > SMSR0s.y €, V(fe) =df Qogy e+ f-Ve for feOsxm.

In particular, £s can be considered as a super vector bundle on S x M and,
in this sense, V is an ordinary superconnection. The local picture is as follows.
Let & = (x,0) be coordinates on M and (77) be an E-basis. Then X € £g can be
expaned as X = TV - X7 with X7 € Ogx ({0} x U), and

Vo X = (-0 ITNTIg (X7) + T[17) - X7, Ta[179] =V, 17 (6)
where I'¢i € Mat,y g xrk e (Osxar ({0} x U)), which has an expansion

ng = Z 91 . (ng)[ , (ng)[ S Matrksxrks(OSxMo({O} X U))

Example 2. Consider the trivial vector bundle £ := su(N) ®@g Oy with N € N of
rank rk €& = dim su(N)|0 over flat superspace with global coordinates £ = (z#,024).
Define A,, :=I'y» and Foa = 'paa. With this notation, the f-expansion assumes
the form

AM = (AM)Q + QBB(AH)/J)B + gﬂBQVC(AH)ﬂB’\/C —+ ...
For = (Fan)o +0°B(Fon)sn +0°P0C (Far)spro + .-

Since V is, by definition, even it follows that A, and F, 4 are even respectively odd.
The parity of the 6-coefficients in the expansion is thus alternating. This is the
situation considered in [6]. In case of a plain connection on &, the odd coefficients
in the A,-expansion would be missing, and analogous for F 4.
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Let £ — N be a super vector bundle over N and ¢: M — N be a morphism of
supermanifolds. The pullback of £ under ¢ is defined as

¢ E(U) = Om(U) @y (po€)(U), U< My open. (7)

Here, ¢5€ is the pullback of the sheaf £ under the continuous map ¢o which, in
terms of its sheaf space, is the bundle of stalks £, (,) attached to x € M. In this
context, one can define the pullback p{X € 4 of X € £. (7) indeed yields a
super vector bundle on M of rank rk €. For details, consult [16] and [26].

A local frame (T*) of £ gives rise to a local frame (p3T*) of pi€ and a local
frame (¢*T* := 1 ®, p3T*) of ©*E such that, locally, every section X € p*E can
be written X = ¢*T* . X* with X* € Oy, (U). For Y = TFY* € £, we find

Y = " (TFYF) = " TF - Q1 (YF).

Definition 5. In the following, we shall identify maps ¢: S x M — N with maps
p:Sx M — S x N by composing ¢ with the canonical inclusion N < S x N.

In particular, we will use this identification for S-points x: S — M and S-paths
v: 8 % [0,1] = M. In terms of generators 7’ as in (4), the construction is such

that f (/) = 7.
Lemma 2. Let p: S x M — N and &€ — N be a super vector bundle. Then
e pEs.

Locally, this isomorphism is such that X = (p*T*)-X* € $*Es is identified with
X = p*Tk. X% € p*£. We define the pullback of X € £ under ¢: S x M — N by

X =9*X € p*Es 2 p*E. (8)

Similarly, an endomorphism E € Endop,, y(€s) is pulled back under ¢ to an endo-
morphism along ¢ as follows.

E, € Endos,, (P7Es) . Eu(¢"Y) = ¢ E(Y) 9)

and analogous for other tensors.

Let V be a connection on &€ — N and ¢: M — N be a morphism. There are
two types of pullback connections. With respect to coordinates (¢¥) of M, we write
X = (¢p*0i) - X" € ¢*SN and prescribe

(¥"V): p6€ = (9"SN)* @0, ¢7E€ (10)
(" V) praxi (97 2) = (~1)X X" 5%V, Z)
The local representations glue together to a well-defined object satisfying a Leibniz
rule. For the second, more common, pullback note that X € ¢*SN acts naturally
on sections f € Oy as the superderivation X (f) := (—1)PI1/1(¢f 0 9g)(f) - X7
along . We define
(p*V): " - SM™ ®0,, ¢*& (11)
k
(" V)x (" T*)Z%) == (=1)X TN T*) - X(Z%) + (07 V) agix) T - 2
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using (5) and (10) for the second summand. Again, this prescription is independent
of coordinates and £-bases and yields a connection on ¢*& — M.

Let now V be an S-connection on £ over N and ¢: S x M — N. We may
consider V as an ordinary connection over S x N and apply (10) to obtain

(@"V): $5Es = ($7S(S X N))" @050 P"Es -

Concatenating this with the adjoint of the inclusion SNg C S(S x N), and using
P6€s = i€ ® Og as well as p*SNg = p*SN, we yield the first pullback, denoted

(¢*V): o€ ® Os = (¢"SN)" Rog, 0 ¢7E- (12)
The second pullback is the connection
(p*V): "€ = SMG R@0g,n ¢E (13)
defined verbatim to (11) by means of (12) The local picture is as follows.
(¢"V)xZ = ()X TH X (24) + X (97 (€)¢" (Vo T - 25 (19)

2.2 Parallel Transport
Definition 6. A section X € ~*& is called parallel if (7*V)5, X = 0.

The local form is as follows. As above, we write X = (v*T%) - X*, thus identi-
fying X with the t-dependent column vector X (¢) € (Og)™¢. We further use the
notation I} - T™ := T'et [T*] with T'¢e as in (6). By (14), the parallelness condition
in local coordinates reads

QX () = -B(t) X(t),  Bt)", = (—1)T" 0T 00, (y*(eh) - 3T (15)
with B(t) € Endog (’)/*5)6 = Matrkgxrkg(os)ﬁ.

Example 3. In the situation of Example 2, the matrix B(t) can be written in the
form

B(t) = @ (t) Ay + 0 () Fan -
This is equation (17) of [6].
The next result follows from standard facts on ODEs applied to (15).

Lemma 3. Let X, € z*E be a section along an S-point x: S — M, and 7 be a
piecewise smooth S-path with ev|;—oy* = a¥. Then there exists a unique parallel
section X € v*€ along 7y such that ev|;—oX = X,.

Definition 7. Let v: z — y be a smooth S-path and let X, € 2*E be a vector field
along x: S — M. We define the parallel transport

P,z - y*€&, P,(X,) =evim X

where X € v*& denotes the parallel vector field such that evi—g X = X,.
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For smooth S-paths v: x — y and d: y — z, we define parallel transport of the
concatenation by Fj., := Ps o P,. If § x happens to be smooth, this definition
agrees with the one from Definition 7 by the following lemma.

Lemma 4. Let a < b < c andy: S X [a,c] = M be a smooth S-path. Then

P.

Ysxp,e ©

P.

Ysxiap] —

P, .

Proof. Let X, € z*&£. We define X € v*&€ by setting

X(t) = Pyjg 0 Xe]  (E€]a,b]),
X(t) = P’Y|5x[b,f,] °© PW\Sx[a,b] [(Xa] (te[bc]).

Then X (¢) satisfies (7*V)p, X = 0 for every t € [a, ] and has the initial condi-
tion X(0) = X,. By uniqueness of the solution, we thus conclude that X (t) =
Xal. O

P’Y|5x[a,t][

Lemma 5. P, is even (i.e. parity-preserving), Og-superlinear and invertible such
that (P,)~' = P,-1.

Y

Proof. This is shown by standard ODE arguments as follows. Parallel transport is
even since the matrix B(¢) in (15) is even. From the same equation, Og-linearity
is clear. It is invertible since both P, and P,-1 satisfy the same equation (15) at ¢
and 1 — ¢, respectively. O

By restriction, an S-connection V on &g induces a connection
Ve E = SM* ®0,, £.
By further restriction, we obtain a classical connection
VY I(E) = I(TM) ® T'(E)

on the vector bundle £ := (¢ s €« — Mo (denoted Vin [12]). Let P, : E ) —
E., 1) denote parallel transport along a path 7: [0,1] — My (denoted 7 in [12]).
On the other hand, let (P,)": E, ) = E,(1) denote the restriction of V-parallel
transport along v: S x [0,1] — M.

Lemma 6. Let v: © — y be an S-path. Then (P,)" = P,,.

Proof. This follows immediately from (15). Note that 9;(y*(£!)) is odd, for & an
odd coordinate, and thus projected to zero, leaving only even indices [ in v*(T'J}).
U

By Lemma 5, P, is an isomorphism from z*& to y*E£. With respect to local
bases (T*) and (T*) of £ around 70(0) and (1), respectively, it can thus be
identified with a matrix in GLk£(Og).
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Lemma 7. The solution to (15) is given by

where X, € 2*€ and x* = ev|;—o7".

Proof. By assumption, 7y takes values in Uy C My such that both M|y, and &|y,
are trivial. We may thus identify (as vector spaces), for every ¢t € [0,1], ev|:y*E
with R™€ @ ARL =2 RM for some M € N. With this identification, the R-linear
operator B(t) becomes a matrix in Mat(M x M,R), and 9, X (t) = —B(¢) - X(t)
can be considered as a classical first order linear ordinary differential equation. It
remains to show that the series stated converges absolutely in the Banach space
C([0,1],Mat(M x M,R)). Then, differentiating termwise, it follows that it is
indeed the solution operator. These steps are standard. See Lemma 2.6.7 of [4] for
a similar treatment. (|

Remark 1. Redefining (6) as I'¢i[17] := évagiTj , we get the parallelness equation
0 X (t) = igB(t) - X(t), and thus the solution operator

t
X(t) = Pexp (zg/ B(T)dT) [X.]
0
o0 . t T2
=Y (ig)’ / drj .. / drB(r;) - ... B(m1) X,
s 0 0
as in (3). This convention is more usual in the physical literature.

An important property of the Wilson loop is its gauge-invariance. We close this
chapter showing that the trace of parallel transport around an S-loop is gauge-
-invariant, thus qualifying as a model for the super Wilson loop. We restrict at-
tention to local gauge transformations in a coordinate chart U C M, which is
sufficient for the situation M = R™™ considered in [6] and avoids the theory of
super principal bundles.

Definition 8. A (local) gauge transformation is a morphism of supermanifolds

V:SxU— GLuxe identified with  (V#(¢*)), ) € GLue (Osxm(U))

where ¢* denote the global standard coordinates of the super Lie group GL,i¢. It
acts on sections ¢ € £5(U) and connections V via

YV, Leo s Vole V= (0 V)V

where I'¢: is as in (6).
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Consider an S-path v: S x [0,1] — U and the concatenation
Vy=Vo#4:8x[0,1] = GLye.

Let B(t) be as in (15) with respect to the original connection V (and +) and B(t)
be its gauge transformed counterpart. Then

B(t) = 8:,("(€)) 7" (VTaV ™! = (0aV)V )
=V, B(t) -V, = (8V,) - V!
It follows that
('Y*@)@(V'y - X) = (at + V- B(t) - V771 - (atv'y) ) V«;l) Vi X =V, (v*V)a, X

In particular, X € v*£ is V-parallel if and only if V,, - X € v*€ is V-parallel.

Now let X, € z*&, and let v: * — y connect the S-points = and y. Then,
V, - X, with V,, := V o & is moved by V-parallel transport to Vy times V-parallel
transport of X,. We thus arrive at the following result.

Proposition 1. Let ~ﬁ denote parallel transport with respect to the gauge trans-
formed connection V. Then P =V, - P- V', In particular, if v: x — x is closed,

P=V,.-P-v!
and the trace tr P = tr P is a gauge invariant quantity.

By now, we have achieved the first aim of this article of constructing a mathe-
matical model of super Wilson loops. Superpoints are S-points, and a super Wilson
loop is the gauge-invariant trace of parallel transport around an S-loop. The exact
choice of S = R°” is not important, except that L should be sufficiently large to
make calculations consistent. By means of S, the super Wilson loop acquires an
(unphysical) inner structure.

3 The Holonomy of an S-Point

Let & continue to denote a super vector bundle over a supermanifold M and V be
an S-connection on &s with S a superpoint (4). In this section, we define the
holonomy group of an S-point z: S — M and prove an analogon of the Ambrose-
-Singer theorem. After endowing the holonomy group to a functor, we establish
a holonomy principle in this context, whose proof makes use of at least (dim M)y
additional Grafimann generators.

Definition 9. A piecewise smooth S-homotopy is a map
2: S x[0,1]\ {to,...,t;} x[0,1] = M
such that, denoting the real coordinates by ¢ and s, respectively,

(i) the prescription Ego i= ev|s—gs,=F yields a piecewise smooth S-path =, for
every so € [0, 1], and
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(ii) Z*(f) is smooth in s for every f € Oyy.

= is called proper if ev, 1—o=* = pf and ev, ;—1=f = ¢* for all s € [0, 1] and S-points
p and q.

Definition 10 (S-Holonomy). Let : S — M be an S-point. We set

Hol, := {P, | v: ¢ — x piecewise smooth} C Endo, (z*&)

Hol? := {P, ’ v: x — x piecewise smooth and contractible}

with contractible in the sense that there exists a piecewise smooth proper homo-
topy = such that 2y =z and =y = ~.

By Lemma 5, Hol, is a group which can be identified with a subgroup of
G Ly £(Og) with respect to a local basis (T%) of £&. By Theorem 1 below, it is
indeed a Lie group. For S = R°l9, it follows by Lemma 6 that Hol, = Holyo (x((0))
is the holonomy group with respect to the underlying connection V°.

We call M path-connected if, for any two S-points z, y, there is an S-path
v: x — y. By the following result this, as well as contractability, is determined
by the classical counterparts such that, in particular, Hol, does not depend on the
restriction of M to any connected component of M different from that of x¢(0).

Lemma 8. M is path-connected if and only if My is. Moreover, a piecewise smooth
S-loop v: x — x is contractible to x if and only if 7y is contractible to xg.

Proof. 1t is clear that path-connectedness of M implies that of M. Conversely,
let z,y: S — M and 7p: 20(0) — 3o(0) be a connecting classical path. Let
t; € [0,1] be such that 7|, ., is smooth and its image is contained in the
open set Uy for a coordinate chart U C M with coordinates (£¥). Any (smooth)
morphism 77: S X [tj,tj+1] — U can be identified with (dim M)z + (dim M)
smooth maps v/#(¢¥): [t;,t;11] — ARL or, equivalently, with a single smooth map
A9 [tj tj+1) — RM for some M € N. An S-path v: 2 — y with underlying path 7o
can then be constructed by glueing together suitable maps 47. The details are stan-

dard and thus omitted. The proof of the second statement is similar.
O

3.1 An Ambrose-Singer Theorem

The classical Ambrose-Singer theorem characterises the holonomy Lie algebra in
terms of the curvature of the connection considered. In this section, we show that
this theorem continues to hold in the more general situation of S-holonomy in the
sense of Definition 10. Our proof is modelled on a classical proof due to Levi-Civita
as presented in [3]. We define the curvature of V as usual by

R(X,Y)Z:=VxVyZ - (-1)*VIVyVxZ - Vx yv|Z

for X,Y € SMg and Z € &g, where [X, Y] := XY — (=1)XIVY X is the super-
commutator. This definition is such that

R e Homost (SMS ROsxm SMg ROsxm 55, 55)5 .
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The curvature is skew-symmetric
R(Y, X) = —(-)*WIR (X, Y)

which is inherited to the pullback. Let ¢: S x N — M be a supermanifold mor-
phism. Then

Ry (A, B) = —(-1)"IPIR, (B, 4) (16)

for A, B € ¢*SM. This is shown by a straightforward calculation in coordinates,
writing A = (¢*0gx) - A ete.

Definition 11. Let 2: S — M be an S-point. Let g, denote the Lie subalgebra of
(gl s (A RE))g which is generated by the following set of endomorphisms.

{P;1 o Ry (u,v)o Py |y: S — M, v:z —y piecewise smooth, u,v € (y*SM)g}

Hol, is contained in G Ly ¢ (/A RY). By the following lemma, this is a Lie group.
In general, every Lie subalgebra of the Lie algebra of a Lie group is the Lie algebra
of a unique immersed connected Lie subgroup (see Chapter 2 of [13]). Let G, C
G Ly s (A\R¥) denote this Lie subgroup corresponding to g, C (gl (ARY))5-

Lemma 9. GL,,,(AR") is a real Lie group with Lie algebra (gl,,,(\R"))g.

Proof. M € (gl,j,, (A RE)) is invertible if and only if its image under the canonical
projection to gl,,;,,(R) is (Lemma 3.6.1 in [27]). Therefore

GLojm (ARY) = (CL(R) % GLu(®) & (gl (AR itporens) )

which is open in (gl,,,, (A RE))7 and as such a submanifold with a group structure
such that the tangent space at 1 can be identified with (gl,,, (/A RL))5. Writing
the matrix entries of a product M - L in terms of real coefficients of odd generators,
it is clear that multiplication is smooth, and similar for inversion. One further
shows that the Lie algebra commutator coincides with the commutator [X, Y] =
XY -YX. O

Theorem 1 (Ambrose-Singer Theorem). The Lie groups G, = Hol coincide. In
particular, Hol, is a Lie group with identity component Holg and Lie algebra
hol, = g,.

We defer the proof of the theorem to the end of the present section. It is based
on Proposition 2 and Proposition 3 below. The following two lemmas are needed
in the proof of the first proposition.

Lemma 10. Let f: S X [a,b] x [b,c] = M be a morphism and X € f*E be a section
along f. Then

(f*V)a,(f*V)a, X = (f"V)a,(f*V)a, X = Ry (df 0], df[0:]) X

where (s,t) denote the standard coordinates on [a,b] X [b, c].
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Proof. This is shown by a direct calculation in local coordinates (¢¥) of M and a
trivialisation (T*) of £, writing X = (¢*T")- X! with X! € O(S x [a,b] x [b,c]). O

Let x,: S — M and v: x — y. A tuple (e!,...,e*) of sections ¢/ € v*€ is a
basis of v*€ if and only if (ev|;—sel, ..., ev]i—,e") is a basis of ev],—,v*E for every
to € [0,1]. Tt is called parallel if all ¢! are parallel. Such a basis is determined by
its evaluation at t = 0 via ev|j—, e’ = Pyis o0 (ev|t=oe?). In particular, a parallel

basis, as used in the proof of the following lemma, exists.

Lemma 11. Let X € v*E be a section along ~. Let P, := P! | be the parallel

Ysxio,¢
displacement from ev|;v* to z* = ev|;—oy*. Then

Piev|i(v* V)9, X = 0:Pi(ev|: X) € &

Proof. Let (¢7) be a parallel basis along . Writing X = e'- X* with X* € Osx[0.1]s
it follows that P;(ev|;X) = evi—ge’ - ev|; X, and

i Py(ev]: X) = ev]i—oe’ - ev]|;(9: X ")
On the other hand, (v*V)s, X = e’ - 9;(X?) implies
Priev]i (7" V)9, X = Py(ev]ie’ - ev|1(0: X)) = ev|i—oe’ - ev]:(0; X ")
such that both sides agree. O

For the following proposition note that, for a proper S-homotopy =, we may
identify ev];—o=* and ev|,—1 =¥ with single S-points x,y: S — M, respectively.

Proposition 2. Let = be a proper S-homotopy, and let P;; := PEs\sx[t N denote
parallel transport along the restriction of the S-path Z¢ to S x [t,1]. Then

1
85PS70 = </ Rs,tdt) Ps,O S HomOSx[O,l] (Z‘*g, y*g)
0

with Ry := Py sev|s Rz (d=[0,], d2[0,]) P;}

Proof. Let Z € Z*E€. For = proper, the term 9,(Z%(£!)) in (15) vanishes for ¢ = 0
as well as t = 1, such that

eV|5¢t:0(E*V)asZ = aseVlsyt:()Z s ev\sytzl(E*V)asZ = 856V|5’t:1Z

Consider Z such that the first term vanishes and, moreover, (2*V)y,Z = 0. By
Lemma 11 and Lemma 10, we yield

8tP37teV|s,t(E*V)85Z = Rg7t€Vs,t(E*V)at (E*V)QQZ
= s,tev‘s,tRE (dE[at]a dE[a«S]) Z

= Rs,tevs,tzlz
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since ev, ;2 = Ps_)tlevsytle by assumption. This, together with the assumptions
on Z and P;; = id, implies the following.

asPs,OeV|s,tZOZ = asev|s,t:12
= 3718V|s7t:1(E*V)aSZ - Ps,0€v|s,t:0(5*v)6 Z

s

1
= / at (Psytevsyt(E*V)as Z) dt
0
1

= (/ Rs,tdt) Ps,OeV|s,t=OZ
0

Let Z, € *& .Then, setting Z(s,t) := Pz o0 Zas defines a section Z € Z*& that
satisfies the assumptions made in the beginning of the proof as well as ev|; =0 Z =
Z, such that the equation to be proved holds applied to Z,. Since Z, was arbitrary,
it holds in general. O

Let a: S — M be an S-point and u,v € (a*SM);. With respect to local
coordinates (£%) on U C M around ag(0), we write u = (a*0¢:) - u’ with v’ € Og
and likewise for v. Let (x,y) denote standard coordinates of R?. Then the map

FiSxXRESU, A = a(€) + (D) a4 (1) -y
is such that
eV‘(m,y):(O,O)fn = a’ ) ev|(070)df[8m} =u, ev|(070)df[(“)y} =0 (17)

Consider also the following piecewise smooth homotopy g: S x [0,1] x [0,1] — R2.

(4st,0) 0<t<1/4
(5.0 (53Ut =1) 1A<ES1/2 @) = gi(2)
I (s(3—4t),5) 1/2<t<3/4°  ¢ly) =g ()
(0,4s(1—¢)) 3/4<t<1

Proposition 3. Let a: S — M be an S-point and u,v € (a*SM)g. Let f be such
that (17), and let Ps denote parallel translation along =, for

Ei=fo0g:5%x][0,1] x[0,1] = UCM
Then
ev]s—=00sPs =0, ev|s=00s0s Ps = 2R, (v, u)

Proof. By Lemma 1, we have d=[0;] = (£*0;)g*(df%)0,9*(z*) where z° runs over
and y. For ¢t < 1/4,

Rz (dE[8)], dE[0y]) = R= ((E*0)¢*(df',)4s, (E*0p) g (df™,)4t) = 0

vanishes by skew-symmetry (16), and analogous for ¢t > 3/4. For 1/4 <t < 3/4,
we find

R= (d2[0)], d2[0,]) = —R= ((E*0)¢*(df',), (E*0m)g*(df™,)) - 4s.
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Using (17), we further calculate, for 1/4 <t < 3/4,

Rs,t = Ps,tev|s,tRE (dE[atL dE[aS]) P5_7t1
=4s- P, ev|s R= ((E*al)gﬁ(dfly)’ (E*am)gﬁ(dfmz)) PSTtl
=45 - PS,tRa ((a*al)vl7 (a*am)u'm) PSTtI .

Proposition 2 now yields

3

asPs =4s </4 Ps,tRa (Ua U) Ps,tldt> Ps

1

4

which vanishes for s — 0. Likewise

3

evs_0dy (8, Py) = lim (145 ( / " PyyRa (v, u) Pstldt> PS> — 2R, (v,u). O
s—=0\ s % ?

Proof. [Proof of Theorem 1] Let v: x — = be piecewise smooth and contractible.

We choose a piecewise smooth proper homotopy = such that Z¢ = z and =; =

v, and let Py := Pz, € GLye(/A\RF) denote parallel translation along =,. By

Proposition 2, it satisfies the differential equation

b
asPs :g(S) 'PS 5 g(S) = </ Rs,tdt> €9z

By standard Lie group theory (cf. Chapter 2 of [13]), we conclude that Ps € G,
and, in particular, P, = P; € G,. Therefore, Holg C G, is a path-connected
subgroup. By a theorem of Yamabe [28], it is a Lie subgroup.

Let a be an S-point, v: ¢ — aand u, v € (a*SM)g. Let = be as in Proposition 3,
and let P, € HolgC denote parallel translation along g, = v xEg*x7y L. Then

831:)3‘3:0 = onasPEslszoopf;l =0
9505 Pylo = Py 0 0505 Pz, g0 P, = 2Py o R (v, u) o P!

by Proposition 3. Holg can be identified with a submanifold of some RM. By
the vanishing of the first derivative we can thus conclude that 0;05Ps|o € hol, =
T,(Hol?). Therefore, all generators of g, are contained in hol,. It follows that
g, = hol, and Hol? = G,. O

3.2 The Holonomy Group Functor

So far, we have considered a fixed superpoint S = R%/* along with an S-connection
V on an S-bundle £s. In Section 2, it was argued that having S-connections
(compared to plain connections in £) is necessary to model superconnections as
in [6], whereas the exact value of L cannot have any physical significance. But also
for purely mathematical reasons, it is desirable to allow for extending the number of
auxiliary Gralmann generators, as will become clear in the proof of the holonomy
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principle (Theorem 2) below. This extension results in a categorical theory to be
described next.

Let V be an S-connection on £ with respect to S = RX, and let T = ROIL
be another superpoint. By /\RL/-linear extension, V can be considered as an
S X T-connection on Egxp. Similarly, an S-point x: S — M canonically induces
an S x T-point zp: S x T — M by composing x with the canonical projection
S x T — S. For the next proposition, note that a morphism ¢: T — T” can be
identified with a GraBmann algebra morphism ¢* and as such acts naturally on
GLye(O1).

Proposition 4. The assignment
T + Hol,(T) := Hol,,. , (p: T —T'") = (L ¢*(L), Hol,,, — Holy,)
defines a group-valued functor.

In the following, we will denote both the holonomy with respect to z and the
induced holonomy functor by Hol,. We will also use the notation hol, (7") := hol,...

Proof. Let L € Hol,,,. We must show that the pullback ©*(L) is indeed contained
in Hol,,.. Then the induced map Hol;,, — Holy, is clearly a group homomorphism.
Let «v: x7+ — 27 be such that L = P,, and prescribe

Ty ;:QjT/O(idsxgo):SXT—)M,
Yo ;:fyogp::'yo(idschxid[o’l])lxwﬁwv.

It is clear that x, = x7 independent of . Let B(t) be as in (15) with respect to 7.
It follows that the local parallelness condition with respect to -, reads

OX(t)=—(¢"B(t)) - X(1).

We can, therefore, conclude that X € y*& parallel along v implies that ¢* X € 75&
is parallel along . Therefore

" (Py[Xep]) = Py, [¢%(Xs,,)] forall X, , €ap&
and ¢*(L) = ¢*P, = P, € Hol,,. O

The Molotkov-Sachse theory defines a supermanifold to be a certain functor
from the category Gr of Grafimann algebras to that of smooth manifolds [22], [24]
such that, in the finite-dimensional case, the resulting category is equivalent to
that of Berezin-Kostant-Leites supermanifolds. It is thus natural to conjecture
that Hol, is representable in that it defines such a supermanifold. If this was true,
a neighbourhood of 1 in Hol,(T) would be isomorphic to (V © AR )5 for a fixed
finite-dimensional super vector space V. It would follow that

hol,, (T') = T, (Hol,(T)) = (V ® /\]RL')6

such that, in particular, hol,(AR®) = V5. The following example shows that the
holonomy functor is, in general, not representable.
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Example 4. Consider S := R and M := R with the (S-)connection defined
by Vg,00 = 009 on Eg := SMg = SM such that R (9, 0p) Op = 20y. Let 0 denote
the unique S-point corresponding to 0 € RY. By Theorem 1, holy(T') is generated
by P;' o Ry (u, v)o Py for y: T — M, v: & = y and u,v € (y*SM);. We write
u = (y*0p)-u’ with u® € (Or); and analogous for v. Let w € y*SM. Then a short
calculation yields

P,;l o R, (u, v) Py[w] = —2u’v? - w.
For T = R%°, 4? and v? vanish, such that holy = {0} is trivial, while
holo(T) = gl(0[1) @ ((Or)7)* < 8l(0[1) @ (Or)g = (81(0]1) © Or)g

for T = RO [/ > 2. By the preceding paragraph, the functor Holy(T') is thus
not representable.

By the holonomy principle, to be established next, a parallel section X € &g
is uniquely determined by its Hol,(T)-invariant pullback 2*X € z*£ as defined
in (8), where the number L’ of additional generators must be sufficiently large.

Theorem 2 (Holonomy Principle). Let M be connected. Let V be an S-connection
on &, x: S — M be an S-point and T = R with L' > (dim M)7. Then the
following holds true.

(i) Let X € Es be a parallel section VX = 0 and define X, := z*X € z*€.
Then, for ally: S xT — M and v: x — y, it holds y*X = P,[X,], where X,
is identified with a section of «%.£. In particular, X, is holonomy invariant
Hol,(T) - X, = X,.

(ii) Conversely, let X, € x*E be a section such that Hol,(T) - X, = X,. Then
there exists a unique section X € Eg with x*X = X,, which is parallel
VX =0.

Proof. Let v: z — y be a piecewise smooth S-path. The assumption VX = 0
implies V, (7*X) = 0. Parallel transport along  is thus

Py[X,] = evho1y X = X

which proves the first assertion.

Conversely, let X, € 2*& be such that Hol,(T) - X, = X,. For a superpoint
y: S x T — M, we define X, := P,[X,] where v: ¢ — y is an § x T-path.
Since X, is Hol,(T')-invariant, X, is well-defined independent of the choice of
v. We aim at constructing X out of the set of X, inductively over the degree
of Og-monomials. Without loss of generality, we may assume that M = R"™
has global coordinates £ = (x,6). For, assume that the statement is true for M
replaced by a neighbourhood U C M of x((0), thus resulting in a parallel section
X € E5(U). Then, by the first part of the theorem, X satisfies Hol, (T') - X, = X,
for all y: S xT — U. Repeating the local construction in a neighbourhood V- C M
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of 0(0) yields a parallel section X € £g(V) which, by uniqueness, agrees with X
on the intersection Uy N V. Without loss of generality, we may further assume that
€ is trivial with a global adapted basis (T7). We expand

Xy =Xyl ' =T X}, 0", X=X|yn' =T X1 -n

for multiindices I = (i1,...,4)7) with 1 < 4; < L, such that X73|,71 € R and
X7|,1 € Oy and X|,;r € €. Similarly, V is characterised by I‘fj = (I‘fj) Lyt -

In the first step, we construct X" € €. Letting ¢ := y(0), we define its value
at ¢ by X%(q) := Xyl = (Py[X.])],0. By Lemma 6, it arises by classical parallel
transport along . It is thus independent of 3 such that ¢ = yo(0), and X°(q)
depends smoothly on ¢q. By (16) of [12] applied to the induced connection V¢ on &,
X%(q) extends to a section X° € £ such that 0 = Vgej X% = (Va,; XO)|;p. By
construction, X satisfies (y*X°)|,0 = X°(¢) = (Py[Xs])|;0. Again by Lemma 6,
we further note that (VX?)|go,0 = 0.

In the second step, we consider multiindices I = (i1, ...,47) with 1 < d; <
L + (dim M)z, such that n’ € Ogyxr. Assume, by induction, that we have con-
structed X~ € &g for N € N such that

Onx X has an expansion XV = 2in<n Xy -n! such that X|,r = 0 whenever
there is i; € I withi; > L+1.

Iy (y*X7)
|I| < N.

Iyt = (Py[Xa])|,;r = Xy, for every y: S xT — M, v: x — y and

2N (VaerN)|,71 =0 for all |I| < N.

38 (Vo ,XN)|gays = 0 for all A,B such that |A] + [B] < N, where A =
(a1,...,ap4)) with 1 < a; < (dim M)y.

Condition 1y is equivalent to 1y together with
Xylyr = XN = 5 (X]p) + XV for [J]= N +1
We are thus led to define the value of X/, at ¢ by
Xl (@) = Xyl — (" XNy for [J] = N +1 (18)
This prescription is independent of y: S x T" — M such that yo(0) = ¢. Indeed,

let y',5% be two such S x T-points and v"2: 2 — y'2 be connecting S-paths.
Moreover, let 6: y' — 32 be such that dy(t) = q.
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Since X, is holonomy invariant, we have X,» = Ps[X,1]. We calculate, using (15),

Oe (Xslys = (6" X ™)) = (0ePslio,[Xyn] — 00" X))
= (0TI T 9, (5 (61) - 8 (Tf) - Pl X"
— 00" (£)(6" 0 ) (X))

J

n

By assumption, the term d;(6*(¢')) is nilpotent such that, using induction assump-
tion 1, we may replace Ps|(o 4[X,:]" by (6*X V)" = §* X" Therefore, the right
hand side equals

(0 T™)auE )8 (~(=)I T XY g XV )|

= — ((0"T™)01(8(€1)8" (Vo X))

J

n

By 2 and 3y (and nilpotency of 9;(5* (¢'))), this expression vanishes, thus showing
that X;|,s — (6*X™)],s is constant, which proves that (18) is well-defined.
We next endow X|,,s(q) to a section X|,s € £ such that

XN= N X!
|JI<N+1

satisfies 2y41. 2y implies that (Vg,, XV )]s = 0 with [I| < N for any such
XN+ Under this induction hypothesis, 2y is thus equivalent to (Vg,, XV 1)|,s =
0 for |J| = N + 1 which, in turn, is equivalent to

= — (=)D (e O (1, XN )

(897' e 891 ang‘j |77J) |90

nJ 90

for all r < (dim M)7. Similar to the construction of X € £ above, these equations
uniquely determine X|,, for [J| = N + 1, by X¥ and X|,s(¢), such that 2y,
holds. If any index [; € J satisfies [; > L, the right hand side of (18) vanishes upon
considering y: S — M, such that Oy, is satisfied. By construction, also 1n1
holds.

We show that XV +1 further satisfies 3y41. 1n41 implies that (z* XV )|, =

P5[X,]|,r for all z and 6: y — z and |I| < N + 1. In particular, we let ¢ € My and
define y and § as follows.

yHat) =g (a") = ¢*, yF(0%) =" (e Or),

(Sﬁ(.%‘k) — qk +t6kk07 5ﬁ(9k> — nL+k

This is such that ev|;—od* = y*. We thus yield

0= ((6"V)a, (6" X)) |1 = 8" (Vo oy XV H)],0

Writing Vo XN+ = NABgApB with n® € Og, we conclude that
T

0=§" (Vo , XY )|y = (N4 (q) - i) |
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with Aj; arising from the multiindex A by shifting all indices by L, such that
nAL € Op. For |A|+|B| = |Ar|+|B| = |I| < N +1, this implies that N4Z(q) = 0.

Proceeding inductively yields a section X := Xt = XLH(dimM)r ¢ g4 such
that the induction hypotheses hold with respect to L + (dim M)y. X is, therefore,
parallel. Concerning uniqueness, assume that X € Eg is a second such section.
Then y*(X — X) =0forally: S xT — M such that X — X = 0 by an argument
analogous to that in the previous proof of 3x41. O

4 Comparison with Galaev’'s Holonomy Theory

Considering S = R%°, let V be a connection on a super vector bundle £ — M and
x € My be a (topological) point. In this chapter, we will compare the functor Hol,
with Galaev’s holonomy super Lie group Hol$™, which was introduced in [12] by
means of a certain Harish-Chandra pair built around the super Lie algebra hol&™
generated by endomorphisms

Yo [

P lo (WTYVWYIR)Z} (Y, Z)o Py, : "€ — 2*E

withy € My, vo: ¢ =y, r>0and Yy,...,Y,. Y, Z € y*"SM, and where ﬁ;ﬁ__ﬂle
denotes the r-fold covariant derivative of the curvature R with respect to V and
some auxiliary connection V on SM in a neighbourhood of 3. This derivative is
defined analogous to the classical (non-super) case with appropriate signs. For
r = 1,2, it reads as follows.

Definition 12. Let
R e Homost (SMS ROgyar SMS QOsxm gSa SS) )
and u,v € SMg. For X, Y € SMg, we define

VxR (u, v):=VxoR(u,v)— (1) EIXIR (Vxu, v)
— (—)) IR R (4, T o)
() XIRIH 9D B (4 ) 0 ¥
ﬁ;yR(u, v) = Vx (ﬁyR) (u, v) — Veo,y © R (u, v)
(1) IXFYDIR R (T u, o)
(1) (XHIYDURMID R (o, T )
_l’_ —

(—1)IXIFYDURIH D R (4, 0) 0 Vo,
) X

According to Example 4, the functor Hol, is, in general, not representable such
that Galaev’s holonomy theory is a priori different from ours. Nevertheless, we will
show that the generators of holfal can be extracted in a geometric way, in a sense
to be made precise.
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4.1 Parallel Transport and Covariant Derivatives

The aforementioned extraction of generators of holg?al is based on the following
observation. Consider again the more general situation of an S-connection V on
Eg for S =R and z: S — M an S-point. As shown next, the pullback connection
x*V — along with its induced connections on tensors as well as higher covariant
derivatives — arises by means of infinitesimal parallel transport. We will not treat
the most general situation here but content ourselves with the following. First,
we consider only even vector fields to be differentiated along. The general case is
expected to work along the lines of the flow of vector bundles developed in [23].
Second, we consider tensors of the following type: sections, endomorphisms and
curvature-type. The general case should be analogous. Third, we consider covariant
derivatives up to second order. Analogous results for higher order derivatives are
expected to be obtainable by an inductive proof.

For X € §S and Z € x*&, the pullback (z*V)x Z € ©*& was defined in (13). Let
also Y € 8§ and V be an S-connection on SMg. We define the second covariant
derivative of Z, with respect to V and V, as follows.

**2 * * *

The corresponding first and second covariant derivatives of endomorphisms and
tensors of curvature type are defined likewise.

Definition 13. Let E € Ende,,,,(€s) be an endomorphism and E, its pullback
under z as in (9). For X,Y € §5, we define

(*V)x By i= (2*V)x 0 By — (=1)XIEIE, o (2*V) x € Endo, (2*E)
(@ V) xy By = (2°V)x (2*V)y E,)
— (@)@ 9) xlaspyy) © Er
+ (_1)|EI(\X|+\Y|)E1 o (‘T*V)(a:*?)x[dx[yn

Definition 14. Let
R e HomOSXM (SMS QOsxm SMS ROsxm gs? SS) )
and u,v € £*SM. For X,Y € §S, we define
(V) x Ry (u, v) := (z°V) x 0 Ry (u, v) — (=1)FIXIR, ((2*V) x (u), v)
— (—1)XIAEHD R (u, (2*V)x (v))
_ (,1)IX\(\R\JrlulJr\vl)Rm (u, v) o (*V)x
**2 A wa E A wa *
(*V ) x,yRe (u, v) := (2*V)x ((z*V)y Ry) (u, v) — (z V) (2+%) x [az]v]) © e (u, v)
+ () XENDIRIR, (279) )y faagyy (0 )
+ () XHDIRD R, (u, (2%9) o) gy ()
+ (~IXHIDIRIE D R (4, 0) 0 (2"V) 09 g asiy]
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Our next lemma ensures existence of an S-path as occurring in the subsequent
proposition concerning first covariant derivatives.

Lemma 12. Let z: S — M be an S-point and § € (z*SM)g. We write (in coordi-
nates around xp) £ = (2*0;) - £ and assume that every £ € Og is nilpotent. Then
there is an S-path «y (connecting x to some other S-point y) such that ev|od;oy* = €.

Proof. Through Definition 5, and setting z*(t) := ¢, we extend x to a map z: SxR —
S x M x R. In this sense, we define

pmso$ B

Every £'0; is, by assumption, even and nilpotent such that there are no ordering
problems and the sum is finite. Such < is indeed a morphism by the derivation
property of Y .(t£'0;) as shown analogous as in the proof of Lemma 1.1 in [17].
A straightforward calculation shows, moreover, that v indeed satisfies the required
initial condition. O

Proposition 5. Let z: S — M be an S-point, Y € Eg and & € (x*SM)g. Let v be
an S-path (connecting = to some y) such that ev|gd; o v* = ¢. Then

41 (Pl Y)) = @ Vel

In particular, for ¢ = X o 2* = dz[X] with X € (SS)g, we find

;t’ (P |[0t( *Y)) = (z"V)x(z"Y)

Similarly, the first covariant derivatives of F, and R,, with F and R as in Defini-
tion 13 and Definition 14, arise from parallel transport as

d — *
%’0 (P"/l[O,lt] ok, OP’Y‘[O,t]) = (z"V)x E,

d — -
20, Pyl (v)) 0 Prlio.g) = (&"9)x e (u, v)

dt‘ (P‘[Ot]OR (Py

Proof. Let (T7) be an E-basis in a neighbourhood of x(0) € My. For ¢ sufficiently
small, we identify P, and its inverse with a matrix with respect to bases (x*T7)

and (v;T7). By (15), we find that

eV|t:0P’Y|[o,t] - B(O)

=id,  OloPy,, =-B0), Py

where the sign in the last equation is due to replacing ¢ by 1 — ¢ in v~ ! within
the definition of B(t). The first statement is shown by the following calculation,

writing Y = TFY'*.

210 (Pl ) = BO) - @Y) + (@' T2,y Y = (@ 9)e(a"Y)



Super Wilson Loops and Holonomy on Supermanifolds 207

For the second statement note that, by (9), the matrix of E, is the pullback under
of the matrix of E. For Y € *&, we thus yield

L1 (Pl o By o Prliog) (V) = (BO)E. + o, — ELB0)) (¥)
= BO)E[Y] + X(B.Y) ~ B[X(Y)] - EBO)[Y]
=((z*V)x o E, —E, o (2*V)x) (Y)

Finally, the third statement is established by an analogous calculation. O

We now come to second covariant derivatives. Let X,Y € (S§S5)5 and consider
amap v: S x[0,1] x [0,1] — M such that

eVl(O,O)at oy =Xoz", ev|s=00s o 'yﬁ = Fys=olo,n (Yo xﬁ) =Y (19)

such that Yy = Y o 2. Such a homotopy indeed exists. First, by Lemma 12, there
is4: 5 x[0,1] = M (parameter ¢) such that the first condition in (19) is satisfied.
Now fix t. For this ¢, there is, by the same lemma, an S-path v;: S x [0,1] —» M
(parameter s) such that also the second condition holds true with parallel transport
F:,|[01t] on the right hand side. By construction, v; depends smoothly on ¢ and s,
thus yielding v as required.

Proposition 6. Let Z € £s and E € Endo,, (£). Then

’0 ‘ 207N 2) = (@Y ) xy (272)

‘0 ’0 (( Pit)_l oEyo P52,t) = (x*v2)X,YEm

ol (P20 oR( W), PL(0)) 0 P2) = (0" F) .y Rau,0)
with

P2, :=P.

—9 —
Ytl0,5] ° P"/s:0|[o,f,] ’ Psxt =P

Yeljo,s) © P%:ol[o,n]

Proof. Using Proposition 5 and Y| = [dz[Y]'| = [V (2*(¢"))| = |€!], we calculate

Dsloh1o(Py,_yj0.0) " (Pruo) 1" 2)
= 0tlo(Py_yjp0.) " 0sl0(Pyy0) " (Y 2)
) (o ) (th))
(Pyoolion) 29 (Vo 2) - dz[Y )+ (—1) 1210 (V 5, 2)84] o VY

_at|0( Ys=0l[0,]
= (- )\inlat‘

Now we use 9¢|o(Py,_q0.) "~ ¥ (Vo Z) = (2*V)x(2*V5, Z) and
OeloYy = —B¥ (s = 0)da[Y] = —(=1)"ldz[Y]"dz[X](£)z" (Vo Den)

to yield the first statement after a straightforward calculation.
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The left hand side of the second equation is treated as follows.

LHS = dt‘o (P20, 10.005l0 (Plifg © B o Paluos) © Prlaofon )

d N "
= o (P00 (7 V)vi 0 By, = By 0 (57 V)y) 0 Pylom, o,ﬂ)
= (@"V)x ((@"V)y Ez) = (2"V) (%) g [azpy)) © e T Eo © (V) (%) (a2 y]]

Here, the second equation follows from Proposition 5 applied to the second condi-
tion in (19). For the third equation, we use again Proposition 5 to obtain the first
term and find, in addition, two derivative terms with respect to (7;V)y, which are
obtained as in the previous calculation.

Similarly we yield, for the left hand side of the last equation to be shown,

LHS = dt|o (G EVI© B (Plszo o () Prli=o p(v)
— Ry, (% V)y, (P |é 0,00,61 (1)), Prls=0,0,4(v))
)

—R%(P | s=0,[0,4 (1 ( V) v, (Pyls=o,j0,4 (v

Ry, (Pylsmo,0.0(w): Pylszooa(®)) © (% V)v; ) Prlao o

Analogously to the previous calculation for the second statement, Proposition 5
together with derivative terms from the first calculation yields the right hand side
as claimed. O

4.2 Reconstruction of Galaev’s Holonomy Algebra

By means of the previously established relation between covariant derivatives and
parallel transport, we will now make contact with Galaev’s holonomy algebra
holf’al. Let S = RY° ¥V be a connection on & — M, and x € My be a topological
point identified with an S-point. We aim at gaining generating elements of holg?aLl
as coefficients of special elements of hol,(T) for T = RO with L' > (dim M)y.
Let ¢ € My, and define the (Sx)T-point y by prescribing

y(a*) =g (@) =¢", o) =7 (20)

with respect to coordinates £ = (x, ) around g. Then, a straightforward calculation
using (14) shows that

For the curvature terms, it follows that

Ry (y*0gi, y"0es) = " (R (0g:, Ogr))
("o, By) (v70cc, y70e) = 5" (Vo R) (e, 0cs)) (21)

("0, By) (57 0es, 57 0s) = 5" (V.0 B) (O D))
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Lemma 13. Let y be the T-point (20), v: © — y be a connecting T-path and
I, denote a multiindex of parity |¢¥| such that n'* € Op. Then

n'in'k2 - PV oy (R (Ogra, Ogry)) © Py € holy (T)
n'tian’s - Pl oy (Vg ) (9, dg) ) o Py € holy(T)
s gl glealis - P16y ((v(%m Oy ) (O, Do )) o P, € hol,(T)
Proof. By Theorem 1, the first term
nin't - Pl oy* (R (0, Or,)) 0 Py
=Py o Ry (n'2 - (y" 0 Ok), ™1 - (y" 0 Oky)) o P,

is clearly contained in hol, (7). For the second, let § be an S-path connecting y to
some S-point z such that ev|od; 0 6% = & := dy [n's - an%]. Using (21), followed by
Proposition 5 applied to y, &, § as well as u := nl*2-(y*o0y,) and v := n'*1-(y*ody, ),
we yield

n'kintans - Pol oy (Vrs R) (O, O1y)) 0 Py
=P;lo ((y*V)n’ks-ankg Ry) (n"2 - (y* 0 Oky), 0™ - (" 0 O,)) o Py
= Pv_l XA <P5|[?)}t] o Rs (Pslo,(u), Pslio,(v)) o P5|[0,t]) o Py
= ko (P o Paljgly o Bs (Pslio(w), Polog(v) © Pilioy o P )

By Theorem 1, the term in parentheses lies, for every ¢ € [0, 1], in hol, ("), which
is a vector space. Therefore, the differential is also contained in hol, (7).
The second covariant derivative term is treated analogous. O

Consider the zero-derivative term in Lemma 13. For generic choice of n'*1 and
n'k2 | we find that

(8n1k1 (9771;@ (nlkl nfkg P;l oy* (R (3£k2, 55k1 )) o P’Y))
= P"/_ol 0 Ry, (Oghas ey ) © Py € hol&®!

0

and analogous for the first and second derivative terms and, by conjecture, for all
higher derivative terms. The generating elements of holgal can thus be extracted
out of hol,(7T) as certain coefficients of special elements in the way made precise
by Lemma 13. This construction is based on the knowledge of the geometric
significance of the elements. It remains an open question whether holS’E11 can be
obtained from hol,(7) in a purely algebraic way.
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