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New hyper-Kadhler structures on tangent bundles

Xuerong Qi, Linfen Cao, Xingxiao Li

Abstract. Let (M, g, J) be an almost Hermitian manifold, then the tangent
bundle T'M carries a class of naturally defined almost hyper-Hermitian
structures (G, Ji,J2,J3). In this paper we give conditions under which
these almost hyper-Hermitian structures (G, Ji, J2, J3) are locally confor-
mal hyper-Kahler. As an application, a family of new hyper-Kihler struc-
tures is obtained on the tangent bundle of a complex space form. Further-
more, by restricting these almost hyper-Hermitian structures on the unit
tangent sphere bundle 77 M, we obtain a class of almost contact metric 3-
structures. By virtue of these almost contact metric 3-structures, we find
a family of Sasakian 3-structures on the unit tangent sphere bundle of a
complex space form of positive holomorphic sectional curvature.

1 Introduction

A Riemannian metric g on a smooth manifold M gives rise to several natural
Riemannian metrics and almost complex structures on the tangent bundle 7'M and
the cotangent bundle 7*M of M. Maybe the best known examples are the Sasaki
metric g; and the canonical almost complex structure J; (see , ) The Sasaki
metric gs; and the canonical almost complex structure J; determine an almost
Hermitian structure on T'M. Although the natural almost Hermitian structure
(gs, Js) is almost Kahler, it is very rigid in the following sense. For example, the
Sasaki metric gs has never constant scalar curvature unless the metric g on the
base manifold M is flat (see [7], [10]). On the other hand, the canonical almost
complex structure J; is integrable if and only if the base manifold (M, g) is flat
(see [6], [L9]). The rigidity of the natural almost Hermitian structure (g, J5) has
incited many authors to tackle the problem of the construction and the study of
other almost Hermitian structures on T'M or T*M (, ﬂgﬂ, , , , )
Especially, Oproiu and Papaghiuc has constructed a class of Kdhler-Einstein
structures on the cotangent bundle of a real space form. Recently, the authors [§]
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have proved that the tangent bundle of any Riemannian manifold admits a class
of locally conformal almost Kéhler structures. By virtue of these structures, they
have also shown that there exists a class of Sasakian structures on the unit tangent
sphere bundle of a real space form of positive sectional curvature.

For an almost Hermitian manifold (M,g,J), almost hyper-Hermitian struc-
tures can be found on TM and T*M . . . In particular, Calabi [4]
constructed a hyper-Kahler structure on the cotangent bundle of a complex pro-
jective space CP™. Tahara, Vanhecke and Watanabe gave a class of almost
hyper-Hermitian structures (G, Jy, Jo, J3) on T'M, which is determined by some
parameters. Furthermore, suitably choosing these parameters, they obtained a
family of hyper-Kihler structures on the tangent bundle of a complex space form
of positive holomorphic sectional curvature. Oproiu studied a family of al-
most hyper-Hermitian structures on the tangent bundle of a K&hler manifold, and
obtained the necessary and sufficient conditions for these almost hyper-Hermitian
structures to be hyper-Kéhler structures.

In this paper, we study the geometry of these almost hyper-Hermitian struc-
tures (G, J1, Ja, J3) on the tangent bundle TM of an almost Hermitian manifold
(M,g,J). The arrangement of this paper is as follows: section 2 are some nec-
essary preliminaries and known results. In section 3, we give conditions under
which these almost hyper-Hermitian structures (G, J1, Jo, J3) are locally conformal
hyper-Kéhler. As an application, a class of new hyper-Kihler structures is ob-
tained on the tangent bundle of a complex space form. Our result is more general
than one of . It shows that there also exists a class of hyper-Kéhler structures
on the tangent bundle of a complex space form of non-positive holomorphic sec-
tional curvature. In the end of this section, we present some concrete examples
of hyper-Kahler structures on the tangent bundle of a complex space form. In
section 4, using these almost hyper-Hermitian structures (G, J1, Ja2, J3), we obtain
a class of almost contact metric 3-structures (¢q, €, Na; é)a:1,273 on the unit tan-
gent sphere bundle 73 M. By studying some properties of these almost contact
metric 3-structures (¢o,&a, Nas G)a=1,2,3, we find a family of Sasakian 3-structures
on the unit tangent sphere bundle of a complex space form of positive holomorphic
sectional curvature.

To simplify matters, we first make the following conventions on the ranges of
indices used frequently in this paper:

1<d,4,k,...<n, 1<a,B,7,...<3.

2 Preliminaries

Let (M, g) be a smooth n-dimensional Riemannian manifold and denote its tangent
bundle by m: TM — M. The Levi-Civita connection V of g defines a direct sum
decomposition

TTM = HTM & VTM (1)

of the tangent bundle TT'M into the vertical distribution VI'M = kerm, and
the horizontal distribution HT'M. Locally, if (U;2?,...,2") is a local coordinate
system on M, then (x=3(U);x!,....2" y!,...,y") is a local coordinate system
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on T'M. The metric g can be locally expressed as
g =gij(z)da'dx?!, z€U.

Denote by I‘fj the Christoffel symbols of g and define
k k j i 0
Pio(z,y) =T5()y’, fory=y'o=(2), 2 €U,

0 0 0
= — — Tk i = 2
{(L oz ’Oﬁy’“}’ {81 31/’} @

define respectively a local frame field for HT'M and a local frame field for VT'M
over 7~ 1(U). Therefore {d1,...,0,,01,...,0,} defines a local tangent frame field
on T M, adapted to the direct sum decomposition . Put

then

Vy' = dy' + Thda”,

then {dx!,... dz",Vy',...,Vy"} is a local cotangent frame field on TM dual to
the local frame field {61,...,0,,01,...,0,}.

If we denote respectively by X and X" the horizontal and the vertical lift to
TM of a tangent vector field X on M, then

o= (aii)H’ 0= (aii)v' ®)

For any # € U and y = y' 82-1' (x) € 7~1(x), or in other words, for (x,y) € 7= 1(U),

put

1 1 i
t= §gﬂ<y)(y,y) = igij(w)y v,
then it easily follows that
sit=0, Ot =g;y’ = go;. (4)
Furthermore, we define
R%)ij(xu y) = ykRgcij(‘r) , for (w,y) € W_l(U) )
then the Lie brackets of the vector fields 0;, d; are given by
0;,0;,]=0,  [6;,0;] =T3;00,  [6:,0;] = —Rpy;0:. (5)
The Sasaki metric g is uniquely determined by the following equations:
gs(XHa YH) = gs(Xva YV) = g(Xa Y) o,
g (XTYVy=0, VX,Y €2 (M),

where 2" (M) denotes the Lie algebra of smooth tangent vector fields on M. The
canonical almost complex structure Jg; on T'M is given by

JXT =XV JXV=-X" vXe2ZM).
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It is known that (T'M, g, Js) is an almost Kihler manifold. Moreover, the integra-
bility of the almost complex structure J; implies that (M, g) is locally Euclidean

(see @, )

The Cheeger-Gromoll metric gog 5| is uniquely determined by
goa(XT YH) = g(X,Y) o,

[9(X,Y) +9(X,y)9(Y,y)],

XVYV:
goa(X Y1) =

gCG(XH7YV) = Oa

where X, Y € 2 (M) and y € TM. Accordingly, one can define an almost complex
structure Jog on T'M by the following equations:

1

Joa X" =7XV — —g(X,y)yY
ca T 1+Tg( Y
1 1
JogXV = —=X" - —— _g(X,y)",
ca T 7'(1—1—7')9( vy

where 7 = /1+2t. Then (TM,gcq,Jog) is an almost Hermitian manifold

(see [9]).
As a generalization of the above two metrics, one can define a class of met-
rics G on the tangent bundle TM of an almost Hermitian manifold (M, g,J) by

the following equations (see [20]):

GXTYH) = c19(X,Y) + dig(X,9)9(Y,y) + fr9(X, Jy)g(Y, Jy) ,

G(XV,YY) = c2g(X,Y) + d2g(X, y)g(Yy) + f29(X, Jy)g(Y, Jy) ,

Gx"yVy=o,
where ¢1, ¢a,d1, da, f1, f2 are smooth functions of ¢ € [0, 00), and satisfy the follow-
ing conditions:

c1 >0, ¢c>0, c1+2td; >0,
co + 2tds > 0, Cl+2tf1 > 0, Cg+2tf2>0, Vt.

Accordingly, one can also define three kinds of almost complex structures Ji, Js, J3
on T'M by the following equations (see [20]):

J1XY = —ax X = byg(X, )y — e29(X, Jy)(Jy)",
Jo X = a1 (JX) +b1g(JX, )y + erg(X,y)(Jy)",
{ XY = ax(JX)T + e29(J X, y)y™ + bag(X,y) (Jy) ",
TaXH = —(JX)",
{ Js XV = (JX)V +pg(JX,y)y" +q9(X,y)(Jy)",

{ X = a1 XV +019(X,9)y" +erg(X, Jy)(Jy)Y,
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where p = asb; + ajes + 2tbies, ¢ = agseq + ai1bs + 2tboey, ay, as, by, ba, €1, es are
smooth functions of ¢ satisfying the following conditions:

aras =1, (a3 +2thy)(as +2thy) =1, (aj + 2tey)(az + 2tes) =1,  (6)

or . 5
1 €1
ag = —, b = -, €y = —— . 7
2 aq 2 al((h + 2tb1) 2 a (a1 + 2t€1) ( )
A direct computation shows that J3 = JioJy = —JooJy, so (Ji, Jo, J3) is an almost
hyper-complex structure on TM. Moreover, shows that the almost hyper-

-complex structure (Ji, Jo, J3) depends on three essential parameters aq, b1, e;.

Remark 1. From @ we know that the coefficients a1, a2, a1 + 2tby, as + 2tbs,
a1 + 2tey, as + 2tes cannot vanish and have the same sign. In this paper, we
assume that

ar >0, azx>0, ay+2th) >0,
as +2thyg >0, ai+2teg >0, ag+ 2tes >0, Vt.

For the metric G and almost hyper-complex structure (Ji, Jo, J3), we have the
following results. These results follow from corresponding statements in [20].

Proposition 1. The almost complex structures Jy, Jo, J3 are compatible with the
metric G if and only if
2td 2td
2:2:)\, atltd _ e+t 2:/\—|—2t,u,
al as a1 + 2tby as + 2tbsy
c1+ 2tf1 co + 2t fo

dl = fl ; =

a1 + 2t€1 as + 2t62

=\ 4+ 2tv,

where the proportionality coefficients A > 0, A + 2ty > 0 and A+ 2tv > 0 for all t.

Remark 2. Proposition shows that the almost hyper-Hermitian structure (G, Ji,
Jo, J3) depends on five essential parameters a1, b1, e1, A, p or a1, b1, e1, A, v.
Other parameters are determined by

1 bl €1

T — 8
2 a1 2 al(al + thl) 2 al(al + 2t61) ( )
c1 = \ap R dy = f1 = \by + ,u(al + thl) = \ep + 1/(&1 + 2t€1) R (9)
Cco = Aay, do = Aby+ /L(az + 2tb2) , fo=ldea+ U(az + 2t€2) . (10)

Proposition 2. Let (M,g,J) be a complex space form of holomorphic sectional
curvature 4c. If the functions by, e, are given by
/
ajal —c¢ c
bh=—"F"—, e5=—, 11

e =2t T w (11)
then the almost hyper-complex structures (Ji, Jo, J3) is a hyper-complex structure
onTM.
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Remark 3. If we choose
a1:a2201202:17 b1:b2:€1262:d1:d2:f1:f2:o,

then (G, Jy, Ja, J3) is the canonical almost hyper-Hermitian structure on the tan-
gent bundle TM. In this case, G = ¢g,, J1 = Js. Therefore, the canonical almost
hyper-Hermitian structure (G, Jy, J2, J3) is a hyper-Hermitian structure if and only
if the base manifold (M, g) if flat.

3 The tangent bundle T'M

In the sequel (M, g, J) will be a connected almost Hermitian manifold. We study
the geometry of the almost hyper-Hermitian manifold (T'M, G, Jo)a=1,2,3 and find
conditions under which the considered almost hyper-Hermitian structure is locally
conformal hyper-Kihler or hyper-Kihler. Now we first introduce the definitions
of locally conformal Kihler manifold and locally conformal hyper-Kdhler manifold

(see also [16], [21]).

Definition 1. The almost Hermitian manifold (M g, J ) is called a locally conformal
almost Kéhler manifold if there exists a closed 1-form w, called the Lee form,
satisfying dQ =& A Q where € is the fundamental 2-form. Moreover, the locally
conformal almost Kihler manifold (M G, J ) is called a locally conformal K&hler

manifold if .J is integrable.

Definition 2. The hyper-Hermitian manifold (]T/f, g, ja)a:m,g is called a locally
conformal hyper-Kéhler manifold if there exists a closed 1-form w, such that, for
each «, dQ, = © A Qq, where Q,, is the fundamental 2-form of (g, J,).

Denote by €, the fundamental 2-form of (G, J,), given by Q4(-,-) = G(-, Jo"),
then under the adapted frame field {61,...,0,,01,...,0,} defined by . or (3)),

we have

O = (Agij + pgiogio + v9i09;0)Vy' A da?, (12)
Qg = (A\gij + Hgiogjo + v9i0950)Vy' A da, (13)
Q3 = {cag;; + [Ne2 + p(az + 2te2)]gi0g50

+ [Aby + v(az + 2ths)]giag50 } Vy' A Vi (14)

— (c19:7 + dagiogjo + f19i0950)dz’ A da,

where g5 = g(5%, J507) 9i0 = 9 (5075 1Y)
By using (4) and the property that Vg = 0, we obtain

d\ = NgioVy', du = 1/ gioVy', dv =1'giVy',
dgio = gszZ/ +T! kglodx dgio = —dg;5 = %kVyk + P%kgl()dxkv
) . 1 .
dVy' =T}, Vy' Ada” + §R6kldxk A dxt,

where T}, gio = g(V JBQ:L Y):
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Now we consider the first class of almost Hermitian structures (G, J;). By the
local expression of 1, we have

A = d(Agij + pgiogjo + vgingso) A Vy' Ada?
+ (Agij + pgiogjo + v9:i9;0)dVy" A da’?
= {N 915906 VY" + MTlpgi; + Thrgu)da® + 1 goigoj gor V"
+ 11905 (9 VY* + Thegoda®) + ngoi (9 Vy" + Thpgoda®) + v/ 9,6950908 Vi*
+v9;5(9:: VY = Thg10d2") + vgi5(9; V" — Thpg10dz™)} A VY A da?

+ (Agij + 1goigo; + v9i09;0) (kavyl A dzF + %R(i)kzdwk A dxl) Adx.
Clearly, if (T'M,G, J) is a locally conformal almost Kéhler manifold, then
5 O\0iy + ngoign; + v9:00,0) R A dal . dad = 0. (15)
Using the first Bianchi identity, is equivalent to
ng()RO()kld:Ek Adzt Add = 0,
where Ry, = R(y, Jy, 8—2,“ %). Let v = 0, then we find that

Q1 = (Agij + pgiogjo)Vy' A da?, (16)
dy = (N — :U')gijQOkVyk A VYA dal. (17)

Therefore, if v =0 and g = X, then (T M, G, Jy) is almost Kéhler.

Proposition 3. If v = 0, then the almost Hermitian manifold (TM, G, Jy) is locally
conformal almost Kéhler.

Proof. Set

/

A
Then w is a globally defined 1-form. Moreover

E gox Vit (18)

w =

! L ) ! L ! )
dw = < \ gm‘) avy' + ( \ ) 90190k VY' A Vy*

!

N — )
+ T,u (96 Vy" + Thpgoida®) A VY
N — ‘ 1

= T'ugoz' <F§kVyl A dz® + §R6kldxk A dml)

N — ;
+ T'ufékgoldxk AVy =0.
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On the other hand, it follows from that

d = (N — 1)gij g0k Vy* A Vy' A da?

P ) .
= ( h\ N!JOkVyk) A (Agij + 1490i90;)VY* A dx?

P . .
- <M()\u)90k90i90j> VyF A VYA dal. (19)

The second term in ([19)) vanishes since go;gox is symmetric with respect to the
indices i, k. Hence

A = w A Q. (20)
The closeness of w and show that (T'M, G, J;) is a locally conformal almost
Kahler manifold. O

The following corollary comes directly from Proposition [2] and Proposition [3]

Corollary 1. Let (M,g,J) be a complex space form of holomorphic sectional cur-
vature 4c. If the functions by, e; are given by and v = 0, then the almost
Hermitian manifold (TM, G, Jy) is a locally conformal Kéhler manifold. Moreover,
the locally conformal Kihler manifold (T M, G, Jy) is a Kédhler manifold if p = \.

Next we consider the second class of almost Hermitian structures (G, Jz). By
the local expression of 5, we have

dQs = d(Ag;; + ngiogio + Viogjo) A Vy' A da?
+ (Agi7 + 1giogio + viogjo)dVy' A da?!
= {N9:5906Vy" + ATipgi; + g da® + 1/ goigiogor Vy*
+ 11903 (9ik Vy" + Thigoidz™) + p1goi (g5 Vy* + F%wozdfﬂk) + V' 9:595090k V"
+vgj0(9:5 VY — Tt g10da™) + vgi (g, Vy* + Fé‘kglodl'k)} AVY' A dz?
+ (Agi7 + 1goigio + V9i0gj0) (FékVyl A da + %Rékzdmk A d$l> A da.
Clearly, if (TM,G, Js) is a locally conformal almost Kéhler manifold, then

1 , ,
5()\91'3 + Kgoigjo + vging;0) Ropda® A da' A da? =0. (21)

In the case that (M,g,J) is a Kihler manifold, using the first Bianchi identity,

is equivalent to
ngoRO()kldxk Adzt Ada? =0,

Let v = 0, then we obtain that

Qs = (Agij + 1gi0g;0)Vy' A da?, (22)
e = (N — M)gijgokvyk AVy' Ada?, (23)
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Proposition 4. Let (M,g,J) be a Kihler manifold. If v = 0, then the almost
Hermitian manifold (TM, G, J3) is locally conformal almost Kéhler.

Proof. From , and , it follows that
dQy = (N - H)gijQOkVyk AVY' A da?
- (X )T MQOkvyk) A (Agi7 + 190i907) Vy' A da? (24)
=wAQsy.

The closeness of w and show that (T'M, G, J) is a locally conformal almost
Kahler manifold. U

The following corollary comes directly from Proposition [2] and Proposition [4}

Corollary 2. Let (M,g,J) be a complex space form of holomorphic sectional cur-
vature 4c. If the functions by, e; are given by and v = 0, then the almost
Hermitian manifold (TM, G, J3) is a locally conformal Kéhler manifold. Moreover,
the locally conformal Kédhler manifold (TM, G, J3) is a Kéhler manifold if = \'.

For the third class of almost Hermitian structures (G, J3), we have

Q3 = (_Cllgijgwc - d/190i90390k — d1 95i90j 9o — d19039ik — d196:95k
%QOkRoﬁij)Vyk Adx' A da?

+ (—C1F%k9h - 2dlgOiF%kglo)dxk Adzt A da?

+ (CIZQz'}gOk + UQOigjk)Vyk AVy' A VY

+ (C2F%kgli — el + UgOiF%kglO — 090l gm0)da® A VY A VY

— d1goigjr — d190; 9% + c2Roj +

where 0 = A(b2 + e2) + p(az + 2tes) + v(ag + 2tbs).
In the case that (M,g,J) is a complex space form of holomorphic sectional
curvature 4c, we find

Rogij = _C(QOigEj = 909k + 90i9kj — 90j9ki — 290k9:7) »
Rooi; = —2¢(90igo; + Joidoj — 2t9s;) -

Therefore,
g
c2Rojij + 5901«30()1‘]‘ = —cogor(goigoj + 9oi90; — 2tg:7)
— cc2(90i9x; — 90 9ki + 90i9ki — 9ojIki — 290k9:7) -
Consequently,

Qs = (cy — 0)g;590kVy" A Vy' A VY + {—cigi590x — d1 90190790k
— d95:905 90k — (d1 — cc2)(9oj9ik + 9o0i9ik + 9oig5k + 905 9ik)
+ 2ccagorgi; — cogor(90igo; + Goidoj — 2t9i3)}vyk Ada' A da? . (25)
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Theorem 1. Let (M, g,J) be a complex space form of holomorphic sectional cur-
vature 4c. If the functions by, e1,v are given by

/ j—
it — ¢ elzi, v=0, (26)

L el
a; — 2tay’ ai

then the almost Hermitian structure (G, Js) is locally conformal Kéhler. In this
case, the almost hyper-Hermitian structure (G, Ji, Jo, J3) is locally conformal hyper-
Kihler.

Proof. Set o = L;“ Then w = o0gor Vy* is a globally defined 1-form and dw = 0.

From , it follows easily that
w A Q3 = {0c29:5 + o[Ae2 + (az + 2te2) 1l giogjo

+ 0[Abz + (az + 2tha)v]giag50 } 9ok Vy* A Vy' A VY
— o(c19:5 + d19i0gj0 + f19:0950)90kVY" A da’ A da .

Thus d23 = w A Q3 if and only if
{(2cca + 2teo — ¢} + ec1)gizgor — (dy — co — od1)(goigo; + 9oi90i) ok
—(d1 — 002)(9039ik + 90:95k T 9oiGk + goj'gi;;)}Vyk Adx' A da?
+(ch — 0 — 0¢2) 9590k VY" AVY AVY =0. (27)
By and 7 one finds

_ A2cay — af(af + 2ct)] 2A (¢ — a1a})

ai(a? — 2ct) ’ 7= ai(a? —2ct)’

dy =ccy, 0co=ch—o0, odi=d}—co, oc1=c)—2tco— 2ccs.

Thus, holds, namely,
ng =wA Qg .

Moreover, from and Proposition [2} it follows that Ji, Js, J3 are integrable.
Therefore (T'M, G, Js) is a locally conformal Kihler manifold. By Proposition
and Proposition we directly obtain that (T'M, G, Ji, Ja, J3) is a locally conformal
hyper-K#hler manifold. (]

Remark 4. The parameters a;, A are not quite arbitrary. In fact, the following
conditions must be fulfilled
2 2
ay — 2ct ai + 2ct

ay >0, a1+2tb1:17,>0, l11+2t61:17>
ar — 2ta) a1
(a; — 2ta})(a? + 2ct)

ai(a? — 2ct)

0,

>0.

A>0, A+ 2tp = A
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Corollary 3. Let (M, g,J) be a complex space form of holomorphic sectional cur-
vature 4c. If the functions by, e1, \,v are given by

’ 2cay —a) (af+2ct)
aja; — ¢ c [ —— 1t
h=—2—, e1=—, A=¢g @0i2» , v=0, (28)
a1 — 2ta) a1

then the almost hyper-Hermitian structure (G, Jy, J2, J3) is hyper-Kéhler.

Proof. Under the assumption of 7 (TM,G, Jy,Ja,J3) is a locally conformal
hyper-K#hler manifold, and the Lee form w = 0. This shows that

dQly =wAQy =0,

for each a. Therefore, the almost hyper-Hermitian structure (G, Ji, J2, J3) on TM
is hyper-Kibhler. O

Example 1. Let (M, g, J) be a complex space form of holomorphic sectional cur-
vature 4c. If ¢ > 0, we can consider the following functions

Ve 2§ oct
a; = Ve 2%+ 2ct, blz—%,
c

e = ————, v=0.
! Ve 2t 4 2ct
Clearly, all the conditions of Remark 4] and Theorem [1| are fulfilled. Therefore, we
obtain a family of locally conformal hyper-Kéhler structures (G, J1, Ja, J3) on TM.

In particular, putting

e 2t factte di
)

A=el T (29)

we can obtain a family of hyper-Kahler structures (G, Ji, Jo, J3) on TM. If ¢ < 0,

we can consider the following functions

2c+ e ?) Ve 2 — 2t
a1 = Ve 2t —2ct, b1=—(0+e )Ve C,
(14 2¢)e=2

c
e =———, v=0.
! Ve 2t — 2ct
Clearly, all the conditions of Remark 4| and Theorem [1| are fulfilled. Therefore, we
obtain a family of locally conformal hyper-Kéhler structures (G, J1, J2, J3) on TM.

In particular, putting
€_4t+366_2t7462ﬁ n

)\ = efm (30)

we can obtain a family of hyper-Kéhler structures (G, J1, Jo, J3) on TM.

Example 2. Let (M, g, J) be a complex space form of holomorphic sectional cur-
vature 4c. If ¢ > 0, we can consider the following functions

C
a1 =A+VA2+2t, bj=e1= ———+———, A=1B, =v=20,
! ! ! A4+ VA% 4+ 2ct a
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where A, B are two positive constants. If ¢ < 0, we can consider the following
functions

_ 2 _
A A 2, b= c(A+2VA 2ct)’ 61:;7
v A(A + VA2 —2¢t) A+ VA2 —2ct
A B 0
= — s = UV = .
VA2 —2ct a

Clearly, all the conditions of Remark [4f and Corollary [3| are fulfilled. Therefore, we
obtain a family of hyper-Kéhler structures (G, J1, Jo, J3) on TM.

In the end of the section, we compute the Levi-Civita connection V of (TM,G).
The explicit expression of V is obtained from the following well-known formula
2G(VY,Z2) = X(G(Y,2)) + Y (G(X,Z)) — Z(G(X,Y))

+G(X,Y],2)+G(Z,X),Y)+G(X,[Z,Y)), (3D

where X ,17,2 € Z(TM). A direct computation using and gives the
following proposition.

Proposition 5. Let (M, g, J) be a Kihler manifold, then the Levi-Civita connection
V of (TM,G) is given by the following identities:

66 0; = Qéjal , %51.6]‘ = Féjal + Pjiél ,
Vo, 0; = PLdy, Vs,0; =T+ S0,
where Q“, Pu’ S’l are defined by
2dy — - cadl, — 2chd
! 2 — Cy l 1 209 202 l
=22y, 0L+ ool 4 22T Z22 g g,
K 2(6 + 2td2) jy T o, 2 (90 + goj ) 202(62 + 2td2)go goiy
cofy —chfa—2f5 T, 2dafo—cafy
Sealca + 2P (90i90; + 90790:)y" + Sea(cn £ 2tdy) J0i903Y
J2, 0 l kp O 70
+g(‘]igﬁj+‘]jg(—)i)a Jy=y Jk@;y@,
C/ d d1 Cld/ — Cl dl — d2
o AN QU L Sy ks L S R
v 201 go + gO] 2(01 + Qtdl)gjy + 261(61 +2td1) go gO_]y
c2 cady L oaft—dfi— i
— R+ ———————Roioi — T 00i00
+ 2c, IV + 2¢1(e1 + 2tdy) 0i0sy + 2¢1(e1 + 2t f1) goigo;y
261(01 + 2td; )g()zgo_]y ( +2tf )gljy 201(01 +2tf1)90290]y
bil ! f ! difz I
“—gg:J; + R —— = Ro50: 90
+ 9%, 90, 50090i T Der(cr + 20dy) 0005 90:Y
e fi Y fife

————— R0, _JW2 . po g i7
2¢y(cy + 2tf1) 0i0;Y + %1 (cr + 2f1) 0005 90:Y
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2d1d2 — ngll

1 c
Slo—= ——Rb . TL gt TN 2 0
K 9 10ij 2(62 + Qtdg)g iyt 2¢o (62 + thg)go gojYy
di 2da f1 — 2 f]
C Dt gy ¢ 2N el
205 (9005 + go;6;) + 2es (2 T 2dy) 01905
(dr = f1)f2

I fi 1 !
o, (90i96; t+ 90i90; KL (P
202(02+2tf2)(gmgoj +90i907)4" + 5~ (Jigo; + 90 T;)

4 The unit tangent sphere bundle T3 M

In this section, we restrict the almost hyper-Hermitian structure (G, Ju)a=1,2,3 on
the unit tangent sphere bundle 77 M, obtaining an almost contact metric 3-structure
(Yas&asNas G)a=1,2,3. We study t/l\le geometry of (va,&a, Mo, G)a=1,23 and find con-
ditions under which (¢a,&as Nas G)a=1,2,3 is a Sasakian 3-structure.

Let 'M = {y € TM: g(y,y) = 1} be the unit tangent sphere bundle on M
and m1: ThM — M be the canonical projection. Clearly, 73 M is a hypersurface

of TM with a local expression
gij(x)y'y’ =1
in a local coordinates (z°,y%) on TM.
Let 0; and §; be as in Section 2, and define the vector field N on 17 M given by
1 i
= 7Y .
Vg +da

Clearly, N is a unit normal vector field of Ty M in T'M. Using this fact, one can
find the tangent vector field Y; on 17 M given by

vi= (2Y) =a o, i=1 2
i—(axi) =0 = 9oy o, t=1,...,M. (32)
Then it is easy to see that 4’Y; = 0. So, Y7,...,Y,, are not linearly independent.
But we can verify that these n vectors together with {d;} span T, (T3 M) at each
point y € T1 M. Denote by G the induced metric on T3 M from (T'M,G). Then we
have R

€(5i,5‘) = c16i5 + d19oigoj + f190i90; »

Cj(Yi, Yj) = c2(9i5 — 90i905) + f290:90; »

G(6i7 )/j) =0 )

where c¢1, co,dy,do, f1, fo are constants because t = %g(y,y) = % on T1 M.
Using the almost hyper-Hermitian structure (G, Jo)a=1,2,3 on T M, we can nat-

urally construct an almost contact metric 3-structure (pq, &q s Mo, a)azl,g’g on 17 M
as follows.
First we put

o = —JalV.

Then £, is a unit tangent vector field on 73 M. Next we define a one-form 7, and
a (1,1) tensor field ¢, on Ty M by

va(V) =tan(J,V), no(V)N =nor(J,V), VV eThM,
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where tan: TTM — TTiM,nor: TTM — T+Ty M are the usual projection oper-
ators. Here T-T, M denotes the normal bundle of Ty M in TM.
By the above identities, one easily verifies that the following relations hold.

(pi:_id""na@gaa @a(&a)zov Uaoﬁpaz()’ 7704(504):17

Na(V)=G(V,&), G(paV,paW) =GV, W) —n0a(V)n.(W),

for all vector fields VW on T3 M. This shows that (gpa,fa,na,é’) is an almost
contact metric structure. Moreover,

Py =Papp— N V= —PpPat+Na®Es,  Nalés) =dap, (33)

& = ¢alp = —9pla, Ny =NaOPs = ~T5°Pa,

where (o, 8,7) is a cyclic permutation of (1,2,3). Thus we have proved the follow-
ing result.

Proposition 6. (@a,fa,na,@)a:m,g is an almost contact metric 3-structure on
T\ M.

The almost contact metric 3-structure (71 M, v, o, Nas @)a:m,g can be locally
expressed as

1
&= ﬁyk&m m(6;) = ve1 +di goi, n(Y;) =0,
01(0:) = (a10F + exgoy®) Y, 01(Yi) = —[a2(6F — goir/®) + e2g0:"10 ,
1 _
§o = —ﬁyk&m n2(8;) = ver +dy goi n2(Yi) =0,
©a(6;) = (a1 JF + 6190iyE)Yk, ©2(YV3) = [az(JF — QOiQE) + e290:y* 10k ,
1 _
&3 = —ﬁyk}/,ﬁ 773(52‘) =0, TIS(Yi) =+ca+ fa 9oi »

03(0) = —JF0k,  @s(Yi) = (JF = goy/) Y.
Furthermore, we find from and (| . ) that

D/Za }/j] gOJ}/’L + gOii/rj 5 [517 Y]} F Yk 5 [617 53} = —RIS,L]Yk .

Then we have

dn(0;,0;) =0, dm(Ys,Y;) =0, dn(0;,Y;) =—+/c1+di(gij — 90i905) »

~

G(8i,01Y5) = =M gij — 90id0;) — VFaids;»  G(0i,010;) = G(Yi, 1Y) =0,

dnz (i, 6;) \/C1+d1{ ( - 6)_F(8(zj’y’8ii>}’

a 7 ) y7 ax]
d772 517Y =vea + dl gzg ongm ) an()/zu ij)
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G(8;,02Y5) = Mi7 — 90:90;) + v90ige; s G(6i,920;) = G(Yi, oY) =0,

)
dns(5:.6;) = \Jes T FoRlyam0. dns(6:.Y)) \/E;§f7217(8 . )

On a5 Y
dnz(Ys, Yj) = 2+/ca + f2(9i5 — giogjo + gjogi0) » G (i, p3Y;) =0,
G(8;,030;) = c1gi; + di(giogo; — 9ings0) »

G(Yi, S03Yj) = C2(9i3 — giogjo — nggi(_]) )

o)
where F(azm az]7y) g((vﬁ‘])[)jay)
In order to get a contact metric 3-structure on 77 M, i.e.

~ 1
G(V,0aW) = 5dna(V,W), VV,W € 2(TiM),

we have to modify the almost contact metric 3-structure in the following way (see

eg. [2)):

new _ gnew _ 2A _2 new _ VC1+d Gmew _ 1t d1 5
Pa Pa s a \/m s Mo 2\ Na s 4)\2

In the next discussion, we still denote by (¢4, &q, Mo, @) the new almost contact
metric 3-structure, then we obtain immediately

Proposition 7. (¢a,&q, Nas @)a:m,g is a contact metric 3-structure on Ty M if and
only if (M, g,J) is a Kihler manifold and

v=0, ay =er, Rosij = 203 (955 + 9iogio — 9j09:0) - (34)

Definition 3. A contact metric 3-structure (¢q, £, Mo, é)a:m’g is called a Sasakian
3-structure if each &, is a Killing vector field and

(Vvea)W = G(V,W)éa = na(W)V,
for all vector fields V, W.

By Proposition [5], we can obtain the following proposition.

Proposition 8. Let (M, g, J) be a Kihler manifold and denote by V the Levi-Civita
connection of (T1 M, G), then

S

~ d 1
V(;iéj = Ffjék. — (2012 (5?9()]' + 5]]46901‘) + §R]Ocij 2,

(QOJJk + gOka)> Yy y
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dq (201 =+ dl)

Vs Y = I Ye + ;(qf—ldlgijyk + %goﬁf RIOJ (e T ) 90ig0;y"
— cl(ccf(ild )Rojz‘oyk + (cdllf:d )g()igéjyk + erf guy_
o (Cdff-lf )gmgOJy * ﬁgm‘]k T 2 RZOOQO]
Cl(cdllf dl)Ro()m‘g()jyk - J:f(icllj f]il)) 90:90,9"
cl(ccfj—:—lfl)ROjOiyk + Cl(glljj_gjfl)RoooZ-Qijk) Ok »
ﬁYin = —go;Yi — i (gO] JE + QOzJJ 90]90121 90jgoillfc> Y,
Vy.6; = % (&gijyk - CMQOig<)jy’“ - #‘%Roijoyk
+ RJOZ a 90g5k 1(Cdllfdl)gmgojy’“ + 2 Jif gy
- Cl(ilfd )gongy + 4 go]J’“ + L RJOO 9oi + mRooongiyk
- m%igwy% + Cl(ccff_lfl)Ro@‘ijl_€ + Cl(cfllmeoooj'goZ‘yE> Ok

Remark 5. If the base manifold (M, g, J) is a complex space form of holomorphic
sectional curvature 4c¢ > 0 and the parameters a1, e1, v satisfy

al =c, ap =ey, v=0, (35)

then holds. In this case, (¢a,&as Mo, é)a:mg is a contact metric 3-structure
on Ty M. From and (§), it follows that
1
g =dy = f1 = Aay, Ja = dea, €2 =—5—.
ai

By Proposition [§| and Remark [5] we have the following

Proposition 9. Let (M, g, J) be a complex space form of positive holomorphic sec-
tional curvature 4c. If the parameters ay, e,V satisfy , then the Levi-Civita
connection of the metric G is determined by the following equations.

Vs,0j = 5ok + ¢ (—90;0F + 90,98 — 939" ) Vi
J

1 _ _
3 (gijyk — 90i90;9" + 959" — 95;TF + 90i96;9* — 90:90,Y" — gaiQij’“) o,

+T5Y%

Vs,Y; =

i

. 1 _
Vv, Y; = —go;Yi — 3 (goJJ + g0} — g0ig0,y" gOz’g()jyk> Yi
1

=5 (gijy’“ — 90i90;y" + 959" — 90i ¥ + 90190;9" — 90:90,9" — gOiQ()jyk) Ok
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Remark 6. Under the assumption of Proposition[d} a direct calculation shows that
the following relations hold:

G(Vvéa, W) = -G(Vwéa, V),
(Vvga)W =GV, W)éa — 1a(W)V,

for each a and all vector fields VW on Ty M. Therefore, we have proved the
following

Theorem 2. There exists a class of Sasakian 3-structures on the unit tangent
sphere bundle of a complex space form of positive holomorphic sectional curva-
ture.
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