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New hyper-Kähler structures on tangent bundles

Xuerong Qi, Linfen Cao, Xingxiao Li

Abstract. Let (M, g, J) be an almost Hermitian manifold, then the tangent
bundle TM carries a class of naturally defined almost hyper-Hermitian
structures (G, J1, J2, J3). In this paper we give conditions under which
these almost hyper-Hermitian structures (G, J1, J2, J3) are locally confor-
mal hyper-Kähler. As an application, a family of new hyper-Kähler struc-
tures is obtained on the tangent bundle of a complex space form. Further-
more, by restricting these almost hyper-Hermitian structures on the unit
tangent sphere bundle T1M , we obtain a class of almost contact metric 3-
structures. By virtue of these almost contact metric 3-structures, we find
a family of Sasakian 3-structures on the unit tangent sphere bundle of a
complex space form of positive holomorphic sectional curvature.

1 Introduction
A Riemannian metric g on a smooth manifold M gives rise to several natural
Riemannian metrics and almost complex structures on the tangent bundle TM and
the cotangent bundle T ∗M of M . Maybe the best known examples are the Sasaki
metric gs and the canonical almost complex structure Js (see [11], [18]). The Sasaki
metric gs and the canonical almost complex structure Js determine an almost
Hermitian structure on TM . Although the natural almost Hermitian structure
(gs, Js) is almost Kähler, it is very rigid in the following sense. For example, the
Sasaki metric gs has never constant scalar curvature unless the metric g on the
base manifold M is flat (see [7], [10]). On the other hand, the canonical almost
complex structure Js is integrable if and only if the base manifold (M, g) is flat
(see [6], [19]). The rigidity of the natural almost Hermitian structure (gs, Js) has
incited many authors to tackle the problem of the construction and the study of
other almost Hermitian structures on TM or T ∗M ([1], [9], [12], [14], [17], [22]).
Especially, Oproiu and Papaghiuc [15] has constructed a class of Kähler-Einstein
structures on the cotangent bundle of a real space form. Recently, the authors [8]
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have proved that the tangent bundle of any Riemannian manifold admits a class
of locally conformal almost Kähler structures. By virtue of these structures, they
have also shown that there exists a class of Sasakian structures on the unit tangent
sphere bundle of a real space form of positive sectional curvature.

For an almost Hermitian manifold (M, g, J), almost hyper-Hermitian struc-
tures can be found on TM and T ∗M ([3], [4], [20]). In particular, Calabi [4]
constructed a hyper-Kähler structure on the cotangent bundle of a complex pro-
jective space CPn. Tahara, Vanhecke and Watanabe [20] gave a class of almost
hyper-Hermitian structures (G, J1, J2, J3) on TM , which is determined by some
parameters. Furthermore, suitably choosing these parameters, they obtained a
family of hyper-Kähler structures on the tangent bundle of a complex space form
of positive holomorphic sectional curvature. Oproiu [13] studied a family of al-
most hyper-Hermitian structures on the tangent bundle of a Kähler manifold, and
obtained the necessary and sufficient conditions for these almost hyper-Hermitian
structures to be hyper-Kähler structures.

In this paper, we study the geometry of these almost hyper-Hermitian struc-
tures (G, J1, J2, J3) on the tangent bundle TM of an almost Hermitian manifold
(M, g, J). The arrangement of this paper is as follows: section 2 are some nec-
essary preliminaries and known results. In section 3, we give conditions under
which these almost hyper-Hermitian structures (G, J1, J2, J3) are locally conformal
hyper-Kähler. As an application, a class of new hyper-Kähler structures is ob-
tained on the tangent bundle of a complex space form. Our result is more general
than one of [20]. It shows that there also exists a class of hyper-Kähler structures
on the tangent bundle of a complex space form of non-positive holomorphic sec-
tional curvature. In the end of this section, we present some concrete examples
of hyper-Kähler structures on the tangent bundle of a complex space form. In
section 4, using these almost hyper-Hermitian structures (G, J1, J2, J3), we obtain
a class of almost contact metric 3-structures (ϕα, ξα, ηα, Ĝ)α=1,2,3 on the unit tan-
gent sphere bundle T1M . By studying some properties of these almost contact
metric 3-structures (ϕα, ξα, ηα, Ĝ)α=1,2,3, we find a family of Sasakian 3-structures
on the unit tangent sphere bundle of a complex space form of positive holomorphic
sectional curvature.

To simplify matters, we first make the following conventions on the ranges of
indices used frequently in this paper:

1 ≤ i, j, k, . . . ≤ n, 1 ≤ α, β, γ, . . . ≤ 3 .

2 Preliminaries
Let (M, g) be a smooth n-dimensional Riemannian manifold and denote its tangent
bundle by π : TM → M . The Levi-Civita connection ∇ of g defines a direct sum
decomposition

TTM = HTM ⊕ V TM (1)

of the tangent bundle TTM into the vertical distribution V TM = kerπ∗ and
the horizontal distribution HTM . Locally, if (U ;x1, . . . , xn) is a local coordinate
system on M , then (π−1(U);x1, . . . , xn, y1, . . . , yn) is a local coordinate system
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on TM . The metric g can be locally expressed as

g = gij(x)dxidxj , x ∈ U .

Denote by Γkij the Christoffel symbols of g and define

Γki0(x, y) = Γkij(x)yj , for y = yi
∂

∂xi
(x), x ∈ U,

then {
δi :=

∂

∂xi
− Γki0

∂

∂yk

}
,

{
∂i :=

∂

∂yi

}
(2)

define respectively a local frame field for HTM and a local frame field for V TM
over π−1(U). Therefore {δ1, . . . , δn, ∂1, . . . , ∂n} defines a local tangent frame field
on TM , adapted to the direct sum decomposition (1). Put

∇yi = dyi + Γi0kdx
k,

then {dx1, . . . , dxn,∇y1, . . . ,∇yn} is a local cotangent frame field on TM dual to
the local frame field {δ1, . . . , δn, ∂1, . . . , ∂n}.

If we denote respectively by XH and XV the horizontal and the vertical lift to
TM of a tangent vector field X on M , then

δi =

(
∂

∂xi

)H
, ∂i =

(
∂

∂xi

)V
. (3)

For any x ∈ U and y = yi ∂
∂xi (x) ∈ π−1(x), or in other words, for (x, y) ∈ π−1(U),

put

t =
1

2
gπ(y)(y, y) =

1

2
gij(x)yiyj ,

then it easily follows that

δit = 0 , ∂it = gjiy
j := g0i . (4)

Furthermore, we define

Rl0ij(x, y) = ykRlkij(x) , for (x, y) ∈ π−1(U) ,

then the Lie brackets of the vector fields ∂i, δi are given by

[∂i, ∂j ] = 0 , [δi, ∂j ] = Γlij∂l , [δi, δj ] = −Rl0ij∂l . (5)

The Sasaki metric gs is uniquely determined by the following equations:

gs(X
H , Y H) = gs(X

V , Y V ) = g(X,Y ) ◦ π ,
gs(X

H , Y V ) = 0 , ∀X,Y ∈X (M) ,

where X (M) denotes the Lie algebra of smooth tangent vector fields on M . The
canonical almost complex structure Js on TM is given by

JsX
H = XV , JsX

V = −XH , ∀X ∈X (M) .
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It is known that (TM, gs, Js) is an almost Kähler manifold. Moreover, the integra-
bility of the almost complex structure Js implies that (M, g) is locally Euclidean
(see [6], [19]).

The Cheeger-Gromoll metric gCG [5] is uniquely determined by
gCG(XH , Y H) = g(X,Y ) ◦ π ,

gCG(XV , Y V ) =
1

1 + 2t
[g(X,Y ) + g(X, y)g(Y, y)] ,

gCG(XH , Y V ) = 0 ,

where X,Y ∈X (M) and y ∈ TM . Accordingly, one can define an almost complex
structure JCG on TM by the following equations:

JCGX
H = τXV − 1

1 + τ
g(X, y)yV ,

JCGX
V = −1

τ
XH − 1

τ(1 + τ)
g(X, y)yH ,

where τ =
√

1 + 2t. Then (TM, gCG, JCG) is an almost Hermitian manifold
(see [9]).

As a generalization of the above two metrics, one can define a class of met-
rics G on the tangent bundle TM of an almost Hermitian manifold (M, g, J) by
the following equations (see [20]):

G(XH , Y H) = c1g(X,Y ) + d1g(X, y)g(Y, y) + f1g(X, Jy)g(Y, Jy) ,

G(XV , Y V ) = c2g(X,Y ) + d2g(X, y)g(Y, y) + f2g(X, Jy)g(Y, Jy) ,

G(XH , Y V ) = 0 ,

where c1, c2, d1, d2, f1, f2 are smooth functions of t ∈ [0,∞), and satisfy the follow-
ing conditions:

c1 > 0 , c2 > 0 , c1 + 2td1 > 0 ,

c2 + 2td2 > 0 , c1 + 2tf1 > 0, c2 + 2tf2 > 0 , ∀t .

Accordingly, one can also define three kinds of almost complex structures J1, J2, J3

on TM by the following equations (see [20]):{
J1X

H = a1X
V + b1g(X, y)yV + e1g(X, Jy)(Jy)V ,

J1X
V = −a2X

H − b2g(X, y)yH − e2g(X, Jy)(Jy)H ,{
J2X

H = a1(JX)V + b1g(JX, y)yV + e1g(X, y)(Jy)V ,

J2X
V = a2(JX)H + e2g(JX, y)yH + b2g(X, y)(Jy)H ,{

J3X
H = −(JX)H ,

J3X
V = (JX)V + pg(JX, y)yV + qg(X, y)(Jy)V ,
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where p = a2b1 + a1e2 + 2tb1e2, q = a2e1 + a1b2 + 2tb2e1, a1, a2, b1, b2, e1, e2 are
smooth functions of t satisfying the following conditions:

a1a2 = 1 , (a1 + 2tb1)(a2 + 2tb2) = 1 , (a1 + 2te1)(a2 + 2te2) = 1 , (6)

or

a2 =
1

a1
, b2 = − b1

a1(a1 + 2tb1)
, e2 = − e1

a1(a1 + 2te1)
. (7)

A direct computation shows that J3 = J1◦J2 = −J2◦J1, so (J1, J2, J3) is an almost
hyper-complex structure on TM . Moreover, (7) shows that the almost hyper-
-complex structure (J1, J2, J3) depends on three essential parameters a1, b1, e1.

Remark 1. From (6) we know that the coefficients a1, a2, a1 + 2tb1, a2 + 2tb2,
a1 + 2te1, a2 + 2te2 cannot vanish and have the same sign. In this paper, we
assume that

a1 > 0 , a2 > 0 , a1 + 2tb1 > 0 ,

a2 + 2tb2 > 0 , a1 + 2te1 > 0 , a2 + 2te2 > 0 , ∀t .

For the metric G and almost hyper-complex structure (J1, J2, J3), we have the
following results. These results follow from corresponding statements in [20].

Proposition 1. The almost complex structures J1, J2, J3 are compatible with the
metric G if and only if

c1
a1

=
c2
a2

= λ ,
c1 + 2td1

a1 + 2tb1
=
c2 + 2td2

a2 + 2tb2
= λ+ 2tµ ,

d1 = f1 ,
c1 + 2tf1

a1 + 2te1
=
c2 + 2tf2

a2 + 2te2
= λ+ 2tν ,

where the proportionality coefficients λ > 0, λ+ 2tµ > 0 and λ+ 2tν > 0 for all t.

Remark 2. Proposition 1 shows that the almost hyper-Hermitian structure (G, J1,
J2, J3) depends on five essential parameters a1, b1, e1, λ, µ or a1, b1, e1, λ, ν.
Other parameters are determined by

a2 =
1

a1
, b2 = − b1

a1(a1 + 2tb1)
, e2 = − e1

a1(a1 + 2te1)
, (8)

c1 = λa1 , d1 = f1 = λb1 + µ(a1 + 2tb1) = λe1 + ν(a1 + 2te1) , (9)

c2 = λa2 , d2 = λb2 + µ(a2 + 2tb2) , f2 = λe2 + ν(a2 + 2te2) . (10)

Proposition 2. Let (M, g, J) be a complex space form of holomorphic sectional
curvature 4c. If the functions b1, e1 are given by

b1 =
a1a
′
1 − c

a1 − 2ta′1
, e1 =

c

a1
, (11)

then the almost hyper-complex structures (J1, J2, J3) is a hyper-complex structure
on TM .
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Remark 3. If we choose

a1 = a2 = c1 = c2 = 1 , b1 = b2 = e1 = e2 = d1 = d2 = f1 = f2 = 0 ,

then (G, J1, J2, J3) is the canonical almost hyper-Hermitian structure on the tan-
gent bundle TM . In this case, G = gs, J1 = Js. Therefore, the canonical almost
hyper-Hermitian structure (G, J1, J2, J3) is a hyper-Hermitian structure if and only
if the base manifold (M, g) if flat.

3 The tangent bundle TM
In the sequel (M, g, J) will be a connected almost Hermitian manifold. We study
the geometry of the almost hyper-Hermitian manifold (TM,G, Jα)α=1,2,3 and find
conditions under which the considered almost hyper-Hermitian structure is locally
conformal hyper-Kähler or hyper-Kähler. Now we first introduce the definitions
of locally conformal Kähler manifold and locally conformal hyper-Kähler manifold
(see also [16], [21]).

Definition 1. The almost Hermitian manifold (M̃, g̃, J̃) is called a locally conformal
almost Kähler manifold if there exists a closed 1-form ω̃, called the Lee form,
satisfying dΩ̃ = ω̃ ∧ Ω̃, where Ω̃ is the fundamental 2-form. Moreover, the locally
conformal almost Kähler manifold (M̃, g̃, J̃) is called a locally conformal Kähler
manifold if J̃ is integrable.

Definition 2. The hyper-Hermitian manifold (M̃, g̃, J̃α)α=1,2,3 is called a locally
conformal hyper-Kähler manifold if there exists a closed 1-form ω̃, such that, for
each α, dΩ̃α = ω̃ ∧ Ω̃α, where Ω̃α is the fundamental 2-form of (g̃, J̃α).

Denote by Ωα the fundamental 2-form of (G, Jα), given by Ωα(·, ·) = G(·, Jα·),
then under the adapted frame field {δ1, . . . , δn, ∂1, . . . , ∂n} defined by (2) or (3),
we have

Ω1 = (λgij + µgi0gj0 + νgi0̄gj0̄)∇yi ∧ dxj , (12)

Ω2 = (λgij̄ + µgi0gj̄0 + νgi0̄gj0)∇yi ∧ dxj , (13)

Ω3 = {c2gij̄ + [λe2 + µ(a2 + 2te2)]gi0gj̄0

+ [λb2 + ν(a2 + 2tb2)]gi0̄gj0}∇yi ∧∇yj (14)

− (c1gij̄ + d1gi0gj̄0 + f1gi0̄gj0)dxi ∧ dxj ,

where gij̄ = g
(
∂
∂xi , J

∂
∂xj

)
, gi0̄ = g

(
∂
∂xi , Jy

)
.

By using (4) and the property that ∇g = 0, we obtain

dλ = λ′gi0∇yi, dµ = µ′gi0∇yi, dν = ν′gi0∇yi,

dgi0 = gik∇yk + Γlikgl0dx
k, dgī0 = −dgi0̄ = gīk∇yk + Γlīkgl0dx

k,

d∇yi = Γilk∇yl ∧ dxk +
1

2
Ri0kldx

k ∧ dxl,

where Γl
īk
gl0 = g

(
∇ ∂

∂xk
J ∂
∂xi , y

)
.
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Now we consider the first class of almost Hermitian structures (G, J1). By the
local expression (12) of Ω1, we have

dΩ1 = d(λgij + µgi0gj0 + νgi0̄gj0̄) ∧∇yi ∧ dxj

+ (λgij + µgi0gj0 + νgi0̄gj0̄)d∇yi ∧ dxj

=
{
λ′gijg0k∇yk + λ(Γlikglj + Γljkgli)dx

k + µ′g0ig0jg0k∇yk

+ µg0j(gik∇yk + Γlikg0ldx
k) + µg0i(gjk∇yk + Γljkg0ldx

k) + ν′gi0̄gj0̄g0k∇yk

+ νgj0̄(gik̄∇yk − Γlīkgl0dx
k) + νgi0̄(gjk̄∇yk − Γlj̄kgl0dx

k)
}
∧∇yi ∧ dxj

+ (λgij + µg0ig0j + νgi0̄gj0̄)
(

Γilk∇yl ∧ dxk +
1

2
Ri0kldx

k ∧ dxl
)
∧ dxj .

Clearly, if (TM,G, J1) is a locally conformal almost Kähler manifold, then

1

2
(λgij + µg0ig0j + νgi0̄gj0̄)Ri0kldx

k ∧ dxl ∧ dxj = 0 . (15)

Using the first Bianchi identity, (15) is equivalent to

νgj0̄R00̄kldx
k ∧ dxl ∧ dxj = 0 ,

where R00̄kl = R(y, Jy, ∂
∂xk ,

∂
∂xl ). Let ν = 0, then we find that

Ω1 = (λgij + µgi0gj0)∇yi ∧ dxj , (16)

dΩ1 = (λ′ − µ)gijg0k∇yk ∧∇yi ∧ dxj . (17)

Therefore, if ν = 0 and µ = λ′, then (TM,G, J1) is almost Kähler.

Proposition 3. If ν = 0, then the almost Hermitian manifold (TM,G, J1) is locally
conformal almost Kähler.

Proof. Set

ω =
λ′ − µ
λ

g0k∇yk. (18)

Then ω is a globally defined 1-form. Moreover

dω =

(
λ′ − µ
λ

g0i

)
d∇yi +

(
λ′ − µ
λ

)′
g0ig0k∇yi ∧∇yk

+
λ′ − µ
λ

(
gik∇yk + Γlikg0ldx

k
)
∧∇yi

=
λ′ − µ
λ

g0i

(
Γilk∇yl ∧ dxk +

1

2
Ri0kldx

k ∧ dxl
)

+
λ′ − µ
λ

Γlikg0ldx
k ∧∇yi = 0 .
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On the other hand, it follows from (17) that

dΩ1 = (λ′ − µ)gijg0k∇yk ∧∇yi ∧ dxj

=

(
λ′ − µ
λ

g0k∇yk
)
∧ (λgij + µg0ig0j)∇yi ∧ dxj

−
(
µ(λ′ − µ)

λ
g0kg0ig0j

)
∇yk ∧∇yi ∧ dxj . (19)

The second term in (19) vanishes since g0ig0k is symmetric with respect to the
indices i, k. Hence

dΩ1 = ω ∧ Ω1. (20)

The closeness of ω and (20) show that (TM,G, J1) is a locally conformal almost
Kähler manifold. �

The following corollary comes directly from Proposition 2 and Proposition 3.

Corollary 1. Let (M, g, J) be a complex space form of holomorphic sectional cur-
vature 4c. If the functions b1, e1 are given by (11) and ν = 0, then the almost
Hermitian manifold (TM,G, J1) is a locally conformal Kähler manifold. Moreover,
the locally conformal Kähler manifold (TM,G, J1) is a Kähler manifold if µ = λ′.

Next we consider the second class of almost Hermitian structures (G, J2). By
the local expression (13) of Ω2, we have

dΩ2 = d(λgij̄ + µgi0gj̄0 + νi0̄gj0) ∧∇yi ∧ dxj

+ (λgij̄ + µgi0gj̄0 + νi0̄gj0)d∇yi ∧ dxj

=
{
λ′gij̄g0k∇yk + λ(Γlikglj̄ + Γlj̄kgli)dx

k + µ′g0igj̄0g0k∇yk

+ µg0j̄(gik∇yk + Γlikg0ldx
k) + µg0i(gj̄k∇yk + Γlj̄kg0ldx

k) + ν′gi0̄gj0g0k∇yk

+ νgj0(gik̄∇yk − Γlīkgl0dx
k) + νgi0̄(gjk∇yk + Γljkgl0dx

k)
}
∧∇yi ∧ dxj

+ (λgij̄ + µg0igj̄0 + νgi0̄gj0)
(

Γilk∇yl ∧ dxk +
1

2
Ri0kldx

k ∧ dxl
)
∧ dxj .

Clearly, if (TM,G, J2) is a locally conformal almost Kähler manifold, then

1

2
(λgij̄ + µg0igj̄0 + νgi0̄gj0)Ri0kldx

k ∧ dxl ∧ dxj = 0 . (21)

In the case that (M, g, J) is a Kähler manifold, using the first Bianchi identity,
(21) is equivalent to

νgj0R00̄kldx
k ∧ dxl ∧ dxj = 0.

Let ν = 0, then we obtain that

Ω2 = (λgij̄ + µgi0gj̄0)∇yi ∧ dxj , (22)

dΩ2 = (λ′ − µ)gij̄g0k∇yk ∧∇yi ∧ dxj . (23)
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Proposition 4. Let (M, g, J) be a Kähler manifold. If ν = 0, then the almost
Hermitian manifold (TM,G, J2) is locally conformal almost Kähler.

Proof. From (18), (22) and (23), it follows that

dΩ2 = (λ′ − µ)gij̄g0k∇yk ∧∇yi ∧ dxj

=

(
λ′ − µ
λ

g0k∇yk
)
∧ (λgij̄ + µg0ig0j̄)∇yi ∧ dxj (24)

= ω ∧ Ω2 .

The closeness of ω and (24) show that (TM,G, J2) is a locally conformal almost
Kähler manifold. �

The following corollary comes directly from Proposition 2 and Proposition 4:

Corollary 2. Let (M, g, J) be a complex space form of holomorphic sectional cur-
vature 4c. If the functions b1, e1 are given by (11) and ν = 0, then the almost
Hermitian manifold (TM,G, J2) is a locally conformal Kähler manifold. Moreover,
the locally conformal Kähler manifold (TM,G, J2) is a Kähler manifold if µ = λ′.

For the third class of almost Hermitian structures (G, J3), we have

dΩ3 =
(
−c′1gij̄g0k − d′1g0ig0j̄g0k − d′1g0̄ig0jg0k − d1g0j̄gik − d1g0̄igjk

− d1g0igj̄k − d1g0jgik̄ + c2R0k̄ij +
σ

2
g0kR00̄ij

)
∇yk ∧ dxi ∧ dxj

+ (−c1Γlj̄kgli − 2d1g0iΓ
l
j̄kgl0)dxk ∧ dxi ∧ dxj

+ (c′2gij̄g0k + σg0igj̄k)∇yk ∧∇yi ∧∇yj

+ (c2Γlj̄kgli − c2Γljkgl̄i + σg0iΓ
l
j̄kgl0 − σg0iΓ

l
jkgl̄0)dxk ∧∇yi ∧∇yj ,

where σ = λ(b2 + e2) + µ(a2 + 2te2) + ν(a2 + 2tb2).
In the case that (M, g, J) is a complex space form of holomorphic sectional

curvature 4c, we find

R0k̄ij = −c(g0igk̄j − g0jgk̄i + g0īgkj − g0j̄gki − 2g0kgij̄) ,

R00̄ij = −2c(g0ig0̄j + g0īg0j − 2tgij̄) .

Therefore,

c2R0k̄ij +
σ

2
g0kR00̄ij = −cσg0k(g0ig0̄j + g0īg0j − 2tgij̄)

− cc2(g0igk̄j − g0jgk̄i + g0īgkj − g0j̄gki − 2g0kgij̄) .

Consequently,

dΩ3 = (c′2 − σ)gij̄g0k∇yk ∧∇yi ∧∇yj +
{
−c′1gij̄g0k − d′1g0ig0j̄g0k

− d′1g0̄ig0jg0k − (d1 − cc2)(g0j̄gik + g0̄igjk + g0igj̄k + g0jgik̄)

+ 2cc2g0kgij̄ − cσg0k(g0ig0̄j + g0īg0j − 2tgij̄)
}
∇yk ∧ dxi ∧ dxj . (25)
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Theorem 1. Let (M, g, J) be a complex space form of holomorphic sectional cur-
vature 4c. If the functions b1, e1, ν are given by

b1 =
a1a
′
1 − c

a1 − 2ta′1
, e1 =

c

a1
, ν = 0 , (26)

then the almost Hermitian structure (G, J3) is locally conformal Kähler. In this
case, the almost hyper-Hermitian structure (G, J1, J2, J3) is locally conformal hyper-
Kähler.

Proof. Set % = λ′−µ
λ . Then ω = %g0k∇yk is a globally defined 1-form and dω = 0.

From (14), it follows easily that

ω ∧ Ω3 =
{
%c2gij̄ + %[λe2 + (a2 + 2te2)µ]gi0gj̄0

+ %[λb2 + (a2 + 2tb2)ν]gi0̄gj0
}
g0k∇yk ∧∇yi ∧∇yj

− %(c1gij̄ + d1gi0gj̄0 + f1gi0̄gj0)g0k∇yk ∧ dxi ∧ dxj .

Thus dΩ3 = ω ∧ Ω3 if and only if{
(2cc2 + 2tcσ − c′1 + %c1)gij̄g0k − (d′1 − cσ − %d1)(g0ig0j̄ + g0̄ig0j)g0k

−(d1 − cc2)(g0j̄gik + g0̄igjk + g0igj̄k + g0jgik̄)
}
∇yk ∧ dxi ∧ dxj

+(c′2 − σ − %c2)gij̄g0k∇yk ∧∇yi ∧∇yj = 0 . (27)

By (26) and (8), one finds

µ =
λ[2ca1 − a′1(a2

1 + 2ct)]

a1(a2
1 − 2ct)

, σ =
2λ(c− a1a

′
1)

a1(a2
1 − 2ct)

,

d1 = cc2, %c2 = c′2 − σ, %d1 = d′1 − cσ, %c1 = c′1 − 2tcσ − 2cc2.

Thus, (27) holds, namely,

dΩ3 = ω ∧ Ω3 .

Moreover, from (26) and Proposition 2, it follows that J1, J2, J3 are integrable.
Therefore (TM,G, J3) is a locally conformal Kähler manifold. By Proposition 3
and Proposition 4, we directly obtain that (TM,G, J1, J2, J3) is a locally conformal
hyper-Kähler manifold. �

Remark 4. The parameters a1, λ are not quite arbitrary. In fact, the following
conditions must be fulfilled

a1 > 0 , a1 + 2tb1 =
a2

1 − 2ct

a1 − 2ta′1
> 0 , a1 + 2te1 =

a2
1 + 2ct

a1
> 0 ,

λ > 0 , λ+ 2tµ = λ
(a1 − 2ta′1)(a2

1 + 2ct)

a1(a2
1 − 2ct)

> 0 .
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Corollary 3. Let (M, g, J) be a complex space form of holomorphic sectional cur-
vature 4c. If the functions b1, e1, λ, ν are given by

b1 =
a1a
′
1 − c

a1 − 2ta′1
, e1 =

c

a1
, λ = e

∫ 2ca1−a′1(a2
1+2ct)

a1(a2
1−2ct)

dt
, ν = 0 , (28)

then the almost hyper-Hermitian structure (G, J1, J2, J3) is hyper-Kähler.

Proof. Under the assumption of (28), (TM,G, J1, J2, J3) is a locally conformal
hyper-Kähler manifold, and the Lee form ω = 0. This shows that

dΩα = ω ∧ Ωα = 0,

for each α. Therefore, the almost hyper-Hermitian structure (G, J1, J2, J3) on TM
is hyper-Kähler. �

Example 1. Let (M, g, J) be a complex space form of holomorphic sectional cur-
vature 4c. If c ≥ 0, we can consider the following functions

a1 =
√
e−2t + 2ct , b1 = −

√
e−2t + 2ct

1 + 2t
,

e1 =
c√

e−2t + 2ct
, ν = 0 .

Clearly, all the conditions of Remark 4 and Theorem 1 are fulfilled. Therefore, we
obtain a family of locally conformal hyper-Kähler structures (G, J1, J2, J3) on TM .
In particular, putting

λ = e
∫

e−2t+4ct+c

e−2t+2ct
dt
, (29)

we can obtain a family of hyper-Kähler structures (G, J1, J2, J3) on TM . If c < 0,
we can consider the following functions

a1 =
√
e−2t − 2ct , b1 = − (2c+ e−2t)

√
e−2t − 2ct

(1 + 2t)e−2t
,

e1 =
c√

e−2t − 2ct
, ν = 0 .

Clearly, all the conditions of Remark 4 and Theorem 1 are fulfilled. Therefore, we
obtain a family of locally conformal hyper-Kähler structures (G, J1, J2, J3) on TM .
In particular, putting

λ = e
∫

e−4t+3ce−2t−4c2t

(e−2t−2ct)(e−2t−4ct)
dt
, (30)

we can obtain a family of hyper-Kähler structures (G, J1, J2, J3) on TM .

Example 2. Let (M, g, J) be a complex space form of holomorphic sectional cur-
vature 4c. If c ≥ 0, we can consider the following functions

a1 = A+
√
A2 + 2ct , b1 = e1 =

c

A+
√
A2 + 2ct

, λ = B , µ = ν = 0 ,
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where A,B are two positive constants. If c < 0, we can consider the following
functions

a1 = A+
√
A2 − 2ct , b1 =

−c(A+ 2
√
A2 − 2ct)

A(A+
√
A2 − 2ct)

, e1 =
c

A+
√
A2 − 2ct

,

λ =
B√

A2 − 2ct
, µ = ν = 0 .

Clearly, all the conditions of Remark 4 and Corollary 3 are fulfilled. Therefore, we
obtain a family of hyper-Kähler structures (G, J1, J2, J3) on TM .

In the end of the section, we compute the Levi-Civita connection ∇̃ of (TM,G).
The explicit expression of ∇̃ is obtained from the following well-known formula

2G(∇̃X̃ Ỹ , Z̃) = X̃(G(Ỹ , Z̃)) + Ỹ (G(X̃, Z̃))− Z̃(G(X̃, Ỹ ))

+G([X̃, Ỹ ], Z̃) +G([Z̃, X̃], Ỹ ) +G(X̃, [Z̃, Ỹ ]) ,
(31)

where X̃, Ỹ , Z̃ ∈ X (TM). A direct computation using (5) and (31) gives the
following proposition.

Proposition 5. Let (M, g, J) be a Kähler manifold, then the Levi-Civita connection
∇̃ of (TM,G) is given by the following identities:

∇̃∂i∂j = Qlij∂l , ∇̃δi∂j = Γlij∂l + P ljiδl ,

∇̃∂iδj = P lijδl , ∇̃δiδj = Γlijδl + Slij∂l ,

where Qlij , P
l
ij , S

l
ij are defined by

Qlij =
2d2 − c′2

2(c2 + 2td2)
gijy

l +
c′2
2c2

(g0iδ
l
j + g0jδ

l
i) +

c2d
′
2 − 2c′2d2

2c2(c2 + 2td2)
g0ig0jy

l

+
c2f
′
2 − c′2f2 − 2f2

2

2c2(c2 + 2tf2)
(g0ig0̄j + g0jg0̄i)y

l̄ +
2d2f2 − c2f ′2

2c2(c2 + 2td2)
g0̄ig0̄jy

l

+
f2

c2
(J lig0̄j + J ljg0̄i) , Jy = ykJ lk

∂

∂xl
:= yl̄

∂

∂xl
,

P lij =
c′1
2c1

g0iδ
l
j +

d1

2c1
g0jδ

l
i +

d1

2(c1 + 2td1)
gijy

l +
c1d
′
1 − c′1d1 − d2

1

2c1(c1 + 2td1)
g0ig0jy

l

+
c2
2c1

Rlj0i +
c2d1

2c1(c1 + 2td1)
R0i0jy

l +
c1f
′
1 − c′1f1 − f2

1

2c1(c1 + 2tf1)
g0ig0̄jy

l̄

+
d1f1

2c1(c1 + 2td1)
g0̄ig0̄jy

l +
f1

2(c1 + 2tf1)
gījy

l̄ − d1f1

2c1(c1 + 2tf1)
g0̄ig0jy

l̄

+
f1

2c1
g0̄jJ

l
i +

f2

2c1
Rlj00̄g0̄i +

d1f2

2c1(c1 + 2td1)
R00̄0jg0̄iy

l

+
c2f1

2c1(c1 + 2tf1)
R0i0̄jy

l̄ +
f1f2

2c1(c1 + 2tf1)
R00̄0̄jg0̄iy

l̄ ,
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Slij = −1

2
Rl0ij −

c′1
2(c2 + 2td2)

gijy
l +

2d1d2 − c2d′1
2c2(c2 + 2td2)

g0ig0jy
l

− d1

2c2
(g0iδ

l
j + g0jδ

l
i) +

2d2f1 − c2f ′1
2c2(c2 + 2td2)

g0̄ig0̄jy
l

+
(d1 − f1)f2

2c2(c2 + 2tf2)
(g0ig0̄j + g0̄ig0j)y

l̄ +
f1

2c2
(J lig0̄j + g0̄iJ

l
j) .

4 The unit tangent sphere bundle T1M
In this section, we restrict the almost hyper-Hermitian structure (G, Jα)α=1,2,3 on
the unit tangent sphere bundle T1M , obtaining an almost contact metric 3-structure
(ϕα, ξα, ηα, Ĝ)α=1,2,3. We study the geometry of (ϕα, ξα, ηα, Ĝ)α=1,2,3 and find con-
ditions under which (ϕα, ξα, ηα, Ĝ)α=1,2,3 is a Sasakian 3-structure.

Let T1M = {y ∈ TM : g(y, y) = 1} be the unit tangent sphere bundle on M
and π1 : T1M → M be the canonical projection. Clearly, T1M is a hypersurface
of TM with a local expression

gij(x)yiyj = 1

in a local coordinates (xi, yi) on TM .
Let ∂i and δi be as in Section 2, and define the vector field N on T1M given by

N =
1√

c2 + d2

yi∂i .

Clearly, N is a unit normal vector field of T1M in TM . Using this fact, one can
find the tangent vector field Yi on T1M given by

Yi =
( ∂

∂xi

)T
:= ∂i − g0iy

l∂l , i = 1, . . . , n . (32)

Then it is easy to see that yiYi = 0. So, Y1, . . . , Yn are not linearly independent.
But we can verify that these n vectors together with {δi} span Ty(T1M) at each
point y ∈ T1M . Denote by Ĝ the induced metric on T1M from (TM,G). Then we
have 

Ĝ(δi, δj) = c1gij + d1g0ig0j + f1g0̄ig0̄j ,

Ĝ(Yi, Yj) = c2(gij − g0ig0j) + f2g0̄ig0̄j ,

Ĝ(δi, Yj) = 0 ,

where c1, c2, d1, d2, f1, f2 are constants because t = 1
2g(y, y) ≡ 1

2 on T1M .
Using the almost hyper-Hermitian structure (G, Jα)α=1,2,3 on TM , we can nat-

urally construct an almost contact metric 3-structure (ϕα, ξα, ηα, Ĝ)α=1,2,3 on T1M
as follows.

First we put
ξα = −JαN .

Then ξα is a unit tangent vector field on T1M . Next we define a one-form ηα and
a (1, 1) tensor field ϕα on T1M by

ϕα(V ) = tan(JαV ) , ηα(V )N = nor(JαV ) , ∀V ∈ TT1M ,
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where tan: TTM → TT1M,nor : TTM → T⊥T1M are the usual projection oper-
ators. Here T⊥T1M denotes the normal bundle of T1M in TM .

By the above identities, one easily verifies that the following relations hold.

ϕ2
α = −id + ηα ⊗ ξα , ϕα(ξα) = 0 , ηα ◦ ϕα = 0 , ηα(ξα) = 1 ,

ηα(V ) = Ĝ(V, ξα) , Ĝ(ϕαV, ϕαW ) = Ĝ(V,W )− ηα(V )ηα(W ) ,

for all vector fields V,W on T1M . This shows that (ϕα, ξα, ηα, Ĝ) is an almost
contact metric structure. Moreover,

ϕγ = ϕαϕβ − ηβ ⊗ ξα = −ϕβϕα + ηα ⊗ ξβ , ηα(ξβ) = δαβ ,

ξγ = ϕαξβ = −ϕβξα , ηγ = ηα ◦ ϕβ = −ηβ ◦ ϕα ,
(33)

where (α, β, γ) is a cyclic permutation of (1, 2, 3). Thus we have proved the follow-
ing result.

Proposition 6. (ϕα, ξα, ηα, Ĝ)α=1,2,3 is an almost contact metric 3-structure on
T1M .

The almost contact metric 3-structure (T1M,ϕα, ξα, ηα, Ĝ)α=1,2,3 can be locally
expressed as

ξ1 =
1√

c1 + d1

ykδk , η1(δi) =
√
c1 + d1 g0i , η1(Yi) = 0 ,

ϕ1(δi) = (a1δ
k
i + e1g0̄iy

k̄)Yk , ϕ1(Yi) = −[a2(δki − g0iy
k) + e2g0̄iy

k̄]δk ,

ξ2 = − 1√
c1 + d1

yk̄δk , η2(δi) =
√
c1 + d1 g0ī , η2(Yi) = 0 ,

ϕ2(δi) = (a1J
k
i + e1g0iy

k̄)Yk , ϕ2(Yi) = [a2(Jki − g0iy
k̄) + e2g0īy

k]δk ,

ξ3 = − 1√
c2 + f2

yk̄Yk , η3(δi) = 0, η3(Yi) =
√
c2 + f2 g0ī ,

ϕ3(δi) = −Jki δk , ϕ3(Yi) = (Jki − g0iy
k̄)Yk .

Furthermore, we find from (32) and (5) that

[Yi, Yj ] = −g0jYi + g0iYj , [δi, Yj ] = ΓkijYk , [δi, δj ] = −Rk0ijYk .

Then we have

dη1(δi, δj) = 0 , dη1(Yi, Yj) = 0 , dη1(δi, Yj) = −
√
c1 + d1(gij − g0ig0j) ,

Ĝ(δi, ϕ1Yj) = −λ(gij − g0ig0j)− νg0̄ig0̄j , Ĝ(δi, ϕ1δj) = Ĝ(Yi, ϕ1Yj) = 0 ,

dη2(δi, δj) = −
√
c1 + d1

{
F
( ∂

∂xi
, y,

∂

∂xj

)
− F

( ∂

∂xj
, y,

∂

∂xi

)}
,

dη2(δi, Yj) =
√
c1 + d1(gij̄ − g0jg0̄i) , dη2(Yi, Yj) = 0 ,
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Ĝ(δi, ϕ2Yj) = λ(gij̄ − g0̄ig0j) + νg0ig0j̄ , Ĝ(δi, ϕ2δj) = Ĝ(Yi, ϕ2Yj) = 0 ,

dη3(δi, δj) =
√
c2 + f2R

k
0ijgk̄0 , dη3(δi, Yj) =

√
c2 + f2F

( ∂

∂xi
,
∂

∂xj
, y
)
,

dη3(Yi, Yj) = 2
√
c2 + f2(gij̄ − gi0gj̄0 + gj0gī0) , Ĝ(δi, ϕ3Yj) = 0 ,

Ĝ(δi, ϕ3δj) = c1gīj + d1(gi0g0̄j − gi0̄gj0) ,

Ĝ(Yi, ϕ3Yj) = c2(gij̄ − gi0gj̄0 − g0jgi0̄) ,

where F ( ∂
∂xi ,

∂
∂xj , y) = g

(
(∇ ∂

∂xi
J) ∂

∂xj , y
)
.

In order to get a contact metric 3-structure on T1M , i.e.

Ĝ(V, ϕαW ) =
1

2
dηα(V,W ), ∀V,W ∈X (T1M),

we have to modify the almost contact metric 3-structure in the following way (see
e.g. [2]):

ϕnewα = ϕα , ξnewα =
2λ√
c1 + d1

ξα , ηnewα =

√
c1 + d1

2λ
ηα , Ĝnew =

c1 + d1

4λ2
Ĝ .

In the next discussion, we still denote by (ϕα, ξα, ηα, Ĝ) the new almost contact
metric 3-structure, then we obtain immediately

Proposition 7. (ϕα, ξα, ηα, Ĝ)α=1,2,3 is a contact metric 3-structure on T1M if and
only if (M, g, J) is a Kähler manifold and

ν = 0 , a1 = e1 , R00̄ij = 2a2
1(gij̄ + gi0̄gj0 − gj0̄gi0) . (34)

Definition 3. A contact metric 3-structure (ϕα, ξα, ηα, Ĝ)α=1,2,3 is called a Sasakian
3-structure if each ξα is a Killing vector field and

(∇̂V ϕα)W = Ĝ(V,W )ξα − ηα(W )V ,

for all vector fields V,W .

By Proposition 5, we can obtain the following proposition.

Proposition 8. Let (M, g, J) be a Kähler manifold and denote by ∇̂ the Levi-Civita
connection of (T1M, Ĝ), then

∇̂δiδj = Γkijδk −
(
d1

2c2

(
δki g0j + δkj g0i

)
+

1

2
Rk0ij +

f1

2c2
(g0j̄J

k
i + g0īJ

k
j )

)
Yk ,
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∇̂δiYj = ΓkijYk +
1

2

(
d1

c1 + d1
gijy

k +
d1

c1
g0iδ

k
j +

c2
c1
Rki0j −

d1(2c1 + d1)

c1(c1 + d1)
g0ig0jy

k

− c2d1

c1(c1 + d1)
R0ji0y

k +
d1f1

c1(c1 + d1)
g0̄ig0̄jy

k +
f1

c1 + f1
gij̄y

k̄

− d1f1

c1(c1 + f1)
g0ig0̄jy

k̄ +
f1

c1
g0̄iJ

k
j +

f2

c1
Rki00̄g0̄j

+
d1f2

c1(c1 + d1)
R00̄0ig0̄jy

k − f1(2c1 + f1)

c1(c1 + f1)
g0̄ig0jy

k̄

+
c2f1

c1(c1 + f1)
R0j0̄iy

k̄ +
f1f2

c1(c1 + f1)
R00̄0̄ig0̄jy

k̄

)
δk ,

∇̂Yi
Yj = −g0jYi −

f2

c2

(
g0j̄J

k
i + g0īJ

k
j − g0j̄g0iy

k̄ − g0jg0īy
k̄
)
Yk ,

∇̂Yiδj =
1

2

(
d1

c1 + d1
gijy

k − d1(2c1 + d1)

c1(c1 + d1)
g0ig0jy

k − c2d1

c1(c1 + d1)
R0ij0y

k

+
c2
c1
Rkj0i +

d1

c1
g0jδ

k
i +

d1f1

c1(c1 + d1)
g0̄ig0̄jy

k +
f1

c1 + f1
gījy

k̄

− d1f1

c1(c1 + d1)
g0̄ig0jy

k̄ +
f1

c1
g0̄jJ

k
i +

f2

c1
Rkj00̄g0̄i +

d1f2

c1(c1 + d1)
R00̄0jg0̄iy

k

− f1(2c1 + f1)

c1(c1 + f1)
g0ig0̄jy

k̄ +
c2f1

c1(c1 + f1)
R0i0̄jy

k̄ +
f1f2

c1(c1 + f1)
R00̄0̄jg0̄iy

k̄

)
δk.

Remark 5. If the base manifold (M, g, J) is a complex space form of holomorphic
sectional curvature 4c > 0 and the parameters a1, e1, ν satisfy

a2
1 = c , a1 = e1 , ν = 0 , (35)

then (34) holds. In this case, (ϕα, ξα, ηα, Ĝ)α=1,2,3 is a contact metric 3-structure
on T1M . From (35) and (8), it follows that

c1 = d1 = f1 = λa1 , f2 = λe2 , e2 = − 1

2a1
.

By Proposition 8 and Remark 5, we have the following

Proposition 9. Let (M, g, J) be a complex space form of positive holomorphic sec-
tional curvature 4c. If the parameters a1, e1, ν satisfy (35), then the Levi-Civita
connection of the metric Ĝ is determined by the following equations.

∇̂δiδj = Γkijδk + c
(
−g0jδ

k
i + g0̄jJ

k
i − gij̄yk̄

)
Yk

∇̂δiYj =
1

2

(
gijy

k − g0ig0jy
k + gij̄y

k̄ − g0̄jJ
k
i + g0ig0̄jy

k̄ − g0̄ig0̄jy
k − g0̄ig0jy

k̄
)
δk

+ ΓkijYk

∇̂YiYj = −g0jYi −
1

2

(
g0̄jJ

k
i + g0̄iJ

k
j − g0̄ig0jy

k̄ − g0ig0̄jy
k̄
)
Yk

∇̂Yiδj =
1

2

(
gijy

k − g0ig0jy
k + gījy

k̄ − g0̄iJ
k
j + g0̄ig0jy

k̄ − g0̄ig0̄jy
k − g0ig0̄jy

k̄
)
δk
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Remark 6. Under the assumption of Proposition 9, a direct calculation shows that
the following relations hold:

Ĝ(∇̂V ξα,W ) = −Ĝ(∇̂W ξα, V ) ,

(∇̂V ϕα)W = Ĝ(V,W )ξα − ηα(W )V ,

for each α and all vector fields V,W on T1M . Therefore, we have proved the
following

Theorem 2. There exists a class of Sasakian 3-structures on the unit tangent
sphere bundle of a complex space form of positive holomorphic sectional curva-
ture.
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